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Abstract

Traditionally, Rao’s score (RS) tests are constructed under a parametric specification of the
probability density function. We estimate the density function by a non-parametric estimator
and consider a semi-parametric Rao’s score (SPRS) test for a set of hypotheses concerning the
parametric model. The asymptotic distribution of the SPRS test is analyzed. Further, for the
regression model, we carry out a set of Monte Carlo experiments to analyze the size and power
of the SPRS test in small samples. The robustness of SPRS test to the choice of the density
estimator is also analyzed. (©) 2001 Elsevier Science B.V. All rights reserved.

MSC: 62G10; 62G20

Keywords: Score test; Semiparametric; Kernel density; Regression

1. Introduction

The well-known Rao’s score (RS) test is commonly used in econometrics for test-
ing restrictions on the parameters of the economic models which have prespecified
parametric components. For example, testing the regression coefficient to be zero in a
model where the systematic component is linear and the error component has a known
parametric probability density, usually normal; see Godfrey (1988), Bera and Ullah
(1991) and Bera and Bilias (1997) for more examples. The RS test, called in this
paper the parametric RS (PRS) test, explores the distance, from zero, of the sample
score function evaluated at the constrained maximum-likelihood (ML) estimator of the
parameters under the null hypothesis. The test statistic is defined as the weighted sum
of squares of the sample score function where the weight is the inverse of the variance
of the sample score. Since the sample score evaluated at the true parameter value is
asymptotically normal with zero mean the test statistic is asymptotically distributed as
a central y? distribution.
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There are many instances in which the parametric probability density may be speci-
fied as a non-normal density. Under this scenario, one can still consider the misspecified
normal probability density and construct the RS test based on the quasi-ML estimators
(QMLE). Such a test will be called the QPRS test. However the QMLE, though con-
sistent, may be quite inefficient and hence may affect the power property of the test. In
view of above we consider here the RS tests which do not depend on the parametric
specification of the probability density. We only assume that the density function is
sufficiently smooth to be estimated by a consistent nonparametric estimator. Such a RS
test is referred to as the semiparametric RS (SPRS) test.

The idea of nonparametric kernel estimation of unknown density and hence the
score to develop the efficient estimation and testing was originated in the work of
Stone (1975), Bickel (1978, 1982) and Begun et al. (1983); also see Kreiss (1990),
Newey (1994), Newey and McFadden (1994), Pagan and Ullah (1996, Chapter 5),
and the interesting work of Silvapulle et al. (1997). The works of Pagan and Ullah
(1996) and Silvapulle et al. (1997) follow the adaptive estimation literature (Bickel,
1982; Bickel et al., 1993) to develop score tests. In an important recent paper Ai
(1997) studied the asymptotic normality of the sample score function and the ML
estimator for a class of SP models with nonparametric kernel density estimators.
This result is a key ingredient for our proof of the SPRS test to be asymptotically
distributed as a central 2, and in this respect our results differ with the previous
studies.

Our proposed SPRS test can be used for a general class of SP economic mod-
els where some components are parametric and the others are nonparametric. This
includes, for example, the SP sample selection models, and the models where the sys-
tematic component is partially specified as in Robinson (1988) and Ichimura and Lee
(1991). Further, we show here that the SPRS tests can be computed as the nR?, where
n is the number of observations and R? is the uncentered coefficient of determination
in the regression of ones on the score. An additional contribution of the paper is to
conduct Monte Carlo experiments to analyze the performance of the size and power
of the SPRS test in small samples. It has been found that there is a positive pay-off
to the use of the SPRS tests. For the problem of testing zero restrictions on the re-
gression parameters, the SPRS tests performed as well as the QPRS test. But, for the
problem of heteroskedasticity, the SPRS tests out performed the QPRS test. Finally,
we also analyze the robustness of test to the choice of the nonparametric density es-
timator. The SPRS test is consistent and it is asymptotically distributed as a central
¥ distribution under the null for a consistent estimator of the density. However, this
may not be true in small samples. To analyze the robustness question we considered
the traditional Rosenblatt’s (1956) kernel estimator and a recently developed kernel
estimator with a parametric start due to Hjort and Glad (1995), which is claimed to
be better than the traditional estimator in the mean-squared error (MSE) sense. In the
hypothesis testing contexts, considered here, our results suggests that the traditional ker-
nel estimator performs better than the Hjort and Glad (1995) estimator in the power
sense.



G. Gonzalez-Rivera, A. Ullah/Journal of Statistical Planning and Inference 97 (2001) 85-100 87

The plan of the paper is as follows. In Section 2 we present the model and the
SPRS test. Then in Section 3 we consider the applications of the SPRS test. Finally,
in Section 4 we present the Monte Carlo results.

2. SPRS tests

Let us consider the economic variables under study as z=(y,x) where y is a scalar
random variable and x is a random vector.! Then a SP econometric model relating
y to x can be given by the conditional density of y given x, ¢(y|x,0, ), where
0 represents the p dimensional column of parameters, and f represents the infinite
dimensional parameters. Following Ai (1997) we assume that ¢(-) satisfies an index
restriction

(v |x,0, 1) =J(z0)f(01(z,0) | va(x, 0),0), (2.1)

where f() is the conditional density of v((z,0) given v,(x, 6) and J(z, 0) is the known
Jacobian of the transformation from v(z, 0) to y. The focus here will only be on the SP
models where the conditional density f() is unknown. For example, the SP nonlinear
models

y=m(x,0)+u, (2.2)
where m is a known function but the random error u has an unknown density f(u).
For this model vi(z,0) =y — m(x,0), v2(x,0)=x and J(z,0) =1 so that

oy |x,0, )= f((y —m(x,0))[x) = f(ul|x), (2.3)

where f(u|x)=f(u) if x and u are independent. Ai (1997) proposed a SPML estimator
of 6 for the SP models given by (2.1). If () is assumed to have a known parametric
form then one can use the parametric ML estimation of 6.

The score function of (2.1) or (2.3) is denoted by

0
S(Za Haf): @k)g ¢(y|x9 Qaf) (24)
Further define 0, as the true value of the parameter 6. Then it follows that E[s(z, 0, f)]=0
if and only if 0 = 0y. Let z; = {y;,x;}, i = 1,...,n, represents an i.i.d. sample of size
n. Then the log-likelihood function is
7(0) = ZI: log ¢(yi [x:,0, f) (25)
and the sample score function is
o/(0 n
s0)= X =5 se1.0.1) =50 26)
1

I The results of this paper also hold for the case where y is a random vector.

2 Note that this index restriction is not restrictive in the sense that many statistical and econometric models
satisfy this restriction, for example, partially linear regression model, sample selection model, simultaneous
equations model and duration model; see Ai (1997) for more details.
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where S(0) is an n X p matrix of score vectors s(z;, 0, /) and 1 is an n x 1 vector of
ones. E(s(0)) =0 if and only if 0 = 0y. Further, defining X = E[s(z;, 0, 1) s(z;, 0, )],
v (22 = Leis(0)s(0)1 = Els(zi 0. f)5(zi. 0.1 = . @7)
Vn n
We note that if f=f is the true density and 0=0,, V' (s(0))=I(0)=—E(5*£(0)/0000")=
—E((0/00) Y"1 s(z:,0, 1)); 1(0) is the information matrix.
We consider the problem of testing

Hy:g(0) =0 against H,:g(0) # 0, (2.8)

where g(0) is a ¢ x 1 vector of known functions with G(0)=2g(6)/00’. For this testing
problem Newey and McFadden (1994) considered the SPRS test as?

SPRS* = s(0) (V(s(0))) " "'s(6)
= %s(é)’i’ls(é), (2.9)

where 0 is the ML estimator, under the null, for the SP models with known 7, V(s(é))
is the consistent estimate of the asymptotic covariance matrix V' (s(6)) =nX evaluated
at 6 =0 and a consistent estimator of X is

= S sl (a0 ) = S DS (2.10)

We note that the second equality in (2.9) holds up to op(1).

The ML estimator 0, under the null g(0) =0, is obtained from the first-order con-
ditions of the Lagrangean function Z(0) + A’ g(Q) with respect to 0 and the Lagrange
multiplier parameter A. This is the solution of 5(9) +G' (Q)A =0 and g(9) = 0. Using
linearization the iterative solution, under the null of g(6) =0, is given by

0 0 —as(0) 17" Ts0
() ~ < >+ o o0 ls( )]. (2.11)
y 0 GO) 0 9(0)

Newey and McFadden (1994) showed that, under the null, the asymptotic distribution
of (2.9) is a central X; which is the same as the asymptotic distributions of the PRS
and QPRS tests.

The SPRS™ test in (2.9) is, however, not operational. This is because both the score
function s(0) in (2.6) and the variance function 2 in (2.7) depend upon the unknown
f. To obtain an operational SPRS test we first consider a consistent nonparametric es-
timator of f. Here we consider two such estimators. First is the traditional Rosenblatt’s
(1956) kernel density estimator

fu)= %iK(”i —u), (2.12)

3 Newey and McFadden (1994) refer to this the Lagrange multiplier (LM) test. See Bera and Ullah (1993)
and Bera and Bilias (1997) on this point. Since the parameter 6 may belong to a SP model given by (2.1)
the RS test in (2.9) is referred to as the SPRS test.
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where K(u; —u) = h~'Ko((u; — u)/h), u;, i=1...,n, are the i.i.d. observations, K; is
the kernel function and /4 is the window width. For our simulation results in Section 4
we use normal kernel and 4 oc n~'/3. For the details on the choice of 4 and K;, and
the asymptotic properties of f , see Silverman (1986), Marron (1988) and Pagan and
Ullah (1996).

The second consistent estimator considered is due to Hjort and Glad (1995), and it
is given by

F(u) = f(u,n)iw), (2.13)

where f(u,n) is the parametric start function, for instance a normal density with mean
u and variance ¢, and the remainder

Au) = 1 Zn: M

n T f(uinn)
The role of the remainder is to adjust for deviations of the assumed parametric start
density from the true density function. Hjort and Glad (1995) demonstrate that the
estimator (2.13) performs better than the traditional kernel estimator in the MSE sense.

An operational SPRS test can now be proposed as

SPRS = $(0) (V' (5(0)))~"$(6)

(2.14)

= %§(é)'f ~15(0)

—/$(0)S (0)S(6))~1S (b1 = nR?, (2.15)

where §(0) = > s(zi 0, 7)=2S(0Y1,0 is the consistent SPML estimator under the null
with f replaced by f,%°

£ = 3 s /)60 Y = S 05D (2.16)

and R? is the uncentered coefficient of determination of the regression of ones on
the scores s(z;, 0, f ). The third and fourth equahtles in (2. 15) hold asymptotically. The
SPML estimator 0 is the solution of s(0)+G’ (Q)A 0 and g(@) 0. Using linearization,
0 is given by the iterative solution under the null of g(0) =

~ —1
0 0 —O) G| T50)
<:> ~ < > +| a0 . (2.17)
& 0 G@O) 0 9(0)

In practice one can replace the initial value of 0 in (2.17) by a consistent estimator 6 *
A Ak A Ak Ak

which gives =0 and A=/ as a usual one-step estimator. The estimator 6 , under

the null, is asymptotically equivalent to the iterative estimator 6, see Appendix. This

4 Although it is not studied here, a Wald-type test can be developed as W = g(él Y ffl g(él) where Q is
a consistent estimator of the asymptotic variance, €2, where Q= V(g(él ))=0g(0)/00’ = —104(0)/00 evaluated
at the SPML estimator é] under the alternative.

SAi (1997) suggests trimming of s(zi, 0, f) to avoid small density values and the boundary bias.
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implies that the one-step estimator 0" can be used in place of 0 to develop SPRS test
statistics.

In the appendix we show that, under the null, the SPRS test (2.15) is asymptotically
distributed as a central X§~ Thus the asymptotic distribution of the SPRS test is the
same as the PRS test. However this may not be true in small samples which is one of
the objectives of the Monte Carlo simulations in Section 4.

3. Applications

The SPRS test considered in Section 2 can be used for various SP models described
by (2.1). Here we give some examples for testing restrictions in a linear model with
the unknown density of errors.

3.1. Testing restrictions in a linear model

Consider a SP regression model
yi=xB +u, (3.1)

where x; is a [ x 1 vector of regressors written in deviation from their means, u; are
i.i.d. error terms with unknown form of the probability density function f(u), and x
and u are assumed to be independent. We partition x] = (x}; x5,) and f=(f{p}) where
x1; and f; are each /) x 1 and x;; and 5, are each /, x 1 sub vectors, respectively,
/1+¢>="7. Our interest is to test a set of restrictions on the subvector of parameters f3

Ho: B = B, Hy: By # BY.

Model (3.1) satisfies (2.1) with 0=p, v\(z;, 0)=y;—x] f=u;, v2(x;, 0)=x; and J(z;, 0)=1.
The score function for the SP model (3.1) is

S(B) = 305z b f) = — 52 xp(ur) = —X', (32)

1 1

where Y(u)) =y = fD(u;)/f(u;), fO) is the first derivative of f with respect to u;,
is an n X 1 vector, and X is an n x / matrix. For the true value of the parameter vector
Es(f) =0 and using (2.7) and (3.2).

V(s(B)) = E(s(B)s(B)) = E(X'Y ' X) = nX. (3.3)

Consequently, a consistent estimator of X is

S (‘”}:”) (X;X ) (3.4)

and the SPRS test (2.15) becomes

0 XXOX) X
nf

v

_ Q& &' an—18&' _ 2
SPRS = =188'$)"'8" 1 = nR2, (3.5)
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where x// =y(y; — x| ﬂ) is ; evaluated under the null, [)’ is a column vector of f?
and [32, and R? is the uncentered coefficient of determination of the regress1on of lﬁ on
X or, alternatively, the regression of the vector 1 of ones on the matrix S = S(B) of
scores —xitﬁi. The second and third equalities in (3.5) hold asymptotically. Since the
regressors in (3.1) are specified in deviations from their means the score s(ff) in our
model coincides with the efficient score in Begun et al. (1983) sense,® see Ai (1997)
and Pagan and Ullah (1996) among others. This implies that the SPRS test in (3.5) is
the locally most powerfully test, see also Silvapulle et al. (1997).

For the calculations of 1/; we note that, under the traditional Rosenblatt’s kernel
estimator (2.12), we need to evaluate

7w _ 13 — WK (ui — u)
fa) R VK —u)
Further, if the Hjort and Glad kernel estimator with parametric start in (2.13) is used

SO A (uy)
S (uin) P(u;)
= Yui,n) + (), (3.7)

where Y(u;, 1) is the score of the parametric start f(u;,n), and (ﬁr(ui) =h2 3 (u —
w)K (4 — w)(f (i)' 32V K (i — u)(f (ui,))~" s the score of 7(u;).

) =

(3.6)

Yu) =

3.2. Testing for heteroskedasticity

Let us consider the regression model
vi=xB+u, u=o0v, 07 =0c(w,o), (3.8)

where v; has an unknown density f(v) and it is independent of both w; and x;, w; can
be the same or different from x;, a(w;, o) is a known positive function of the vector w;
satisfying o(w;,0) = 0. We are interested in testing Hy: « = 0 against H;: o # 0. The
model (3.8) then satisfies (2.1) with z;=(y;, x;, w;), 0=(, ), vi(zi, 0)=(y;—x]p)/oi=V,
va(x;, i, 0) = (x;,w;) and J(z;,0) is the Jacobian of the transformation from v; to y;.
The efficient score function is s(0) =Y/ s(z:, 0, /) where

(Z = EG)WO) 0.
(o)

(1 + Yo (E 2 — E(L92))

e (2o

SIf the density is asymmetric and the regression model includes a constant, the efficient score for the
constant is zero. The constant is not identifiable.

(3.9)
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1 do; 1 do;
52 = —(1+ Y(v)w) (a; ~E (0 (j;))

Thus locally most powerful test for heteroskedasticity is given by SPRS=nR? in the
regression of unity on the score s(z;,0, f) evaluated under the null.

and

4. Monte Carlo simulation

We carry out a Monte Carlo simulation in order to assess, in small samples, the size
and power of the SPRS tests discussed in the previous sections. We study the behavior
of the tests on two instances: testing for omitted variables in the specification of the
regression, and testing for heteroskedasticity.

In the first case, we design a regression model with two regressors

yi=(xu —x1)p1 4+ (2 — %2)f2 + wi, (4.1)
where the hypothesis of interest is
H()Zﬂ] :0, H]Z‘B1 #O (42)

The regressors x; and x; (in deviations from their means) are drawn from a normal
probability density function with zero mean and variance equal to one. The error term
u; is drawn from a Student-r with 5 degrees of freedom or from a Chi-squared with a
8 degrees of freedom.

In the second instance, the researcher wishes to test for heteroskedasticity in the
error term of a regression model. The specification considered is

yi= @y —F) +u, w=o0v, af =a”exploaw;), (4.3)
where the hypothesis of interest is
Hp: a0 =0, Hyp:o#0, (4.4)

the error v; is drawn from a Student-# with 5 degrees of freedom and the variable w;
is normally distributed with zero mean and variance equal to one.

In all experiments, we consider sample sizes of 25, 100, 250 and 500 observations
and we perform 2,000 replications. We compare four tests: 1. PRS, parametric Rao’s
score test where the density is fully known. This is an ideal situation since in many
instances the researcher deals with an unknown density, but we present the performance
of this test as a benchmark. 2. QPRS, parametric Rao’s score where the density is
normal even though the true density may be something else. 3. SPRS;, the SPRS test
in (2.15) with kernel density estimator in (2.12). 4. SPRS,, the SPRS test in (2.15)
using the kernel estimator with a parametric start in (2.13).

In Table 1, we assess the size of the two semiparametric tests for omitted variables
when the error term is distributed as a Student-r with 5 degrees of freedom. This
implies a symmetric and leptokurtic error term with coefficient of kurtosis to equal to
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Table 1
Size (%) of the semiparametric Rao score tests. Regression model with Student-¢ errors (5)*

yi=(x1; — X1)B1 + (2 — %) + s

Ho:f1=0 B #0
12 c.v. PRS QPRS SPRS; SPRS)s
n=25 10% 12.15 12.45 11.80 11.20
5% 5.90 5.30 5.50 5.60
1% 1.05 0.50 0.90 0.90
Mean = 1 1.08 1.15 1.04 1.09
Variance = 2 2.11 1.90 1.85 1.90
n=100 10% 9.50 11.00 10.00 10.10
5% 4.55 4.90 4.70 5.30
1% 0.95 0.60 0.70 0.70
Mean = 1 0.99 1.03 0.98 0.99
Variance = 2 1.85 1.80 1.78 1.80
n=250 10% 9.80 10.50 10.10 11.10
5% 5.05 5.20 4.60 5.30
1% 1.00 0.90 0.90 0.90
Mean = 1 1.01 1.02 0.99 1.01
Variance = 2 1.99 2.06 1.86 1.98
n=>500 10% 9.40 10.00 9.90 10.60
5% 4.95 4.95 4.70 4.90
1% 0.85 1.15 1.20 1.10
Mean = 1 0.97 1.00 0.98 0.99
Variance = 2 1.91 2.05 1.96 2.09

4PRS: Parametric RS test under the true Student-# errors. QPRS: Quasi Parametric RS test under misspecified
normality. SPRS;: Semiparametric RS test with kernel. SPRSps: Semiparametric RS test with kernel with a
parametric start.

9. We compare them with the PRS test under the true density function (Student-¢), and
with a QPRS test under the assumption of normal errors. Under the null hypothesis,
all tests are distributed asymptotically as a x> with 1 degree of freedom. We assess
the empirical size for the 10%, 5% and 1% significance levels of a y? and report the
empirical mean and variance of the tests in order to be compared with their theoretical
values, which, under the null hypothesis, are 1 and 2, respectively. The general finding
is that the four tests, PRS, QPRS, SPRS; and SPRS, have very good size behavior.
The larger size distortions happen for small samples #=25 and 100, and for the QPRS.
For samples n=100 and larger, the PRS has smaller size than the theoretical size. Both
semiparametric tests have very similar size behavior with SPRS; showing a smaller
size than SPRS,,. The latter exhibits a general tendency to have a slightly larger size
than the theoretical one.

In Table 2, based on estimated critical values, we present the power performance of
the PRS, QPRS, SPRS;, and SPRS tests for omitted variables under the assumption
that the errors are distributed as Student-# with 5 degrees of freedom. We consider two
very local alternative hypothesis: §; =0.05 and 0.1. The four tests are consistent since
the power goes to one as the sample size increases. There are no extraordinarily big
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Table 2
Power (%) of the semiparametric Rao score tests. Regression model with Student-¢ errors (¢5)

yi=(x1; — X1)B1 + (2 — %) + s

Empirical PRS QPRS SPRS; SPRSps
size (%)
Ho:ﬂl =0 Hliﬁl =0.05
n=25 10 11.25 10.80 9.50 11.00
5 5.15 6.05 5.70 6.20
1 1.10 1.15 1.20 1.30
n =100 10 14.30 13.25 11.60 13.10
5 7.75 7.45 7.00 6.10
1 2.00 1.60 1.60 1.80
n =250 10 19.50 15.70 14.00 15.80
5 10.60 9.90 8.80 9.30
1 2.90 3.10 2.30 3.10
n=>500 10 26.55 23.05 20.50 23.00
5 16.25 14.80 11.70 16.30
1 6.85 4.25 2.90 4.70

Holﬂl =0 Hliﬁl =0.1

n=25 10 13.60 12.75 11.00 13.20
5 7.10 7.35 6.60 7.10
1 1.55 1.45 1.80 2.70
n =100 10 26.20 22.00 18.50 20.80
5 17.15 14.60 10.40 13.00
1 4.65 5.05 3.40 3.80
n =250 10 40.30 34.50 29.00 33.70
5 28.40 24.50 19.50 23.80
1 11.60 10.75 7.30 9.60
n =500 10 65.05 54.25 45.20 56.10
5 50.85 42.45 34.00 44.90
1 31.10 19.60 14.10 22.50

differences among the four tests in terms of power. PRS is the most powerful. Among
the semiparametric tests, SPRS,, is marginally more powerful than SPRS;, and for
large samples, n = 500, is slightly more powerful than QPRS.

In Tables 3 and 4, we present the results of these tests for the case in which
the researcher wishes to test for heteroskedasticity under the assumption of Student-¢
distributed errors. In Table 3, we show the size performance. In general, the QPRS
shows large size distortions and it is dominated by the semiparametric tests. For a small
sample, n=25, the four tests exhibit big size distortions, especially QPRS, SPRS;, and
SPRS,,. In moderate samples, n =100 and 250, PRS, QPRS and SPRS,, have a larger
size than the nominal size and SPRS; has a smaller size than the nominal. Between the
semiparametric tests, the SPRS, has better size than the SPRSy, and it also dominates
the QPRS test. For large samples, n = 500, the SPRS; dominates both parametric and
semiparametric tests, QPRS and SPRSg,.

In Table 4, we present the power performance of these tests for the heteroskedasticity
problem under two sets of alternative hypothesis. The main finding is that the QPRS
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Table 3
Size (%) of the semiparametric Rao score tests. Regression model with heteroskedastic errors
yi=(y — )P +ui,  wi=ovi, o =aexp(ow;)
v; is Student-¢ (¢s5) distributed error

Hp:x=0 Hjp:a#0

2 cv. PRS QPRS SPRS; SPRSps
n=25 10% 11.95 7.15 4.00 9.35
5% 3.55 1.00 1.75 1.05
1% 1.00 0.00 0.45 0.00
Mean = 1 1.06 1.05 0.73 1.11
Variance = 2 1.35 0.95 0.93 1.03
n=100 10% 11.25 12.35 7.65 11.10
5% 5.75 6.00 3.20 5.30
1% 1.15 1.00 0.10 0.90
Mean = 1 1.06 1.16 0.90 1.12
Variance = 2 2.04 1.92 1.25 1.86
n=250 10% 10.20 12.05 9.45 11.65
5% 4.90 6.15 3.70 5.65
1% 1.25 1.50 0.70 1.25
Mean = 1 1.03 1.15 0.99 1.12
Variance = 2 2.17 2.49 1.65 2.12
n=>500 10% 10.70 12.20 10.10 12.40
5% 6.35 6.80 5.70 7.05
1% 1.65 2.05 1.30 2.15
Mean = 1 1.07 1.18 1.03 1.21
Variance = 2 2.43 2.95 2.27 2.76

looses power in the heteroskedasticity case with respect to the semiparametric test
SPRSy. Since for n=25 there are big size distortions, we focus our analysis in moderate
and large samples. At the 10% level, the power of QPRS ranges from 7.60% to 26.75%,
while that of SPRS; ranges from 15.90% to 41.50%, for the alternative hypothesis
o=0.10. For the alternative «=0.25, the range of the power of QPRS goes from 21.45%
to 84.70%, and the range of SPRS; goes from 39.20% to 90.85%. The semiparametric
test SPRS;, clearly dominates the parametric QPRS test. The semiparametric test SPRS
has very similar power to the QPRS test.

In summary, the SPRS tests have very similar performance to the QPRS statistic
in testing for omitted variables but they clearly dominate the QPRS test in testing for
heteroskedasticity, since SPRS; is more powerful. An explanation for this behavior
lies in the variance of the score function. For the case of omitted variables, we see
that in (3.3) the variance of the score is proportional to E(y?). In the QPRS test,
E()?) = E(u?) = ¢°. In our Monte Carlo experiment, the true density function is a
Student-r with 5 degrees of freedom, so that ¢? = 1.67. The PRS test uses the true
score, and consequently for a Student ¢, E(?)=(y+ 1)/(y+3) where y is the degrees
of freedom. If y =5, E(?)=0.75. Comparing the variance of the score in the QPRS
and in the PRS tests, we observe that the former is 2.2 times larger than the latter.
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Table 4
Power (%) of the semiparametric Rao score tests. Regression model with heteroskedastic errors

_ 2 2
yi= (1 —X)p1 +ui, wi=o0ivi, o; =" exp(aw;)

v; is Student-¢ (¢s5) distributed error

Empirical PRS QPRS SPRSk SPRS s
size (%)
Hp:o=0 H;:a=0.1
n=25 10 6.25 5.85 16.95 6.05
5 3.20 3.40 9.80 335
1 0.60 0.75 1.85 0.65
n=100 10 11.55 7.60 15.90 6.55
5 4.60 2.30 8.50 2.35
1 0.30 0.20 1.90 0.20
n =250 10 26.10 13.30 23.80 11.50
5 16.65 4.65 15.15 4.85
1 1.85 0.20 2.55 0.30
n =500 10 51.50 26.75 41.50 22.75
5 32.80 10.25 25.00 8.75
1 8.20 0.70 6.15 0.75

Hp:o=0 H;:a=0.25

n=25 10 7.50 6.40 27.05 5.05
5 2.85 3.85 18.35 2.50
1 0.50 1.10 4.75 0.75
n =100 10 45.30 21.45 39.20 17.65
5 21.85 8.55 27.30 6.90
1 3.40 1.10 9.60 0.55
n =250 10 87.55 54.90 67.85 44.80
5 76.30 29.65 56.45 24.40
1 32.75 4.10 25.90 3.65
n =500 10 99.55 84.70 90.85 73.25
5 98.20 64.30 83.05 45.25
1 86.35 20.40 55.20 12.60

In the heteroskedasticity experiment, according to (3.9), the variance of the score is
proportional to E(1 + y(v;)v;)?. In the QPRS test, E(1 + y(v;)v;)> =k — 1, where k
is the coefficient of kurtosis of the underlying density function. In our Monte Carlo
experiment, the true density function is a standardized Student-+ with 5 degrees of
freedom, for which k£ =9 and E(1 + (v;)v;)> = 8. This QPRS test due to Koenker
(1981) is the robust version of Breusch and Pagan (1979) test where the normal density
(k=3) is used. The PRS test uses the true score function, where, for a standardized
Student-£, E(14+y(vi)v;)>=27/(y+3), and for y=35, E(1+y(v;)v;)*=1.25. Comparing
the variances of the score in QPRS and PRS tests, we observe that the former is
6.4 time larger than the latter. The variances of the scores of semiparametric tests lie
between those of the PRS and QPRS tests. In the heteroskedasticity case, the QPRS test
becomes very inefficient in comparison with that of the omitted variables case, leaving
enough potential gain for the SPRS test. For a theoretical comparison of the asymptotic
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Table 5
Size (%) of the semiparametric Rao score tests. Regression model with chi-squared errors (x%)

yi=(x1; — X1)B1 + (2 — %) + s

Ho: p1=0 B #0
73 cv. PRS QPRS SPRS;
n=25 10% 8.70 16.00 11.95
5% 4.75 9.35 6.05
1% 1.50 2.57 1.10
Mean = 1 0.97 1.36 1.07
Variance = 2 2.51 3.25 2.11
n=100 10% 8.75 10.75 10.75
5% 4.90 6.25 4.95
1% 1.50 1.35 0.70
Mean =1 1.01 1.07 1.00
Variance = 2 2.78 2.42 1.85
n=250 10% 9.85 10.15 9.15
5% 5.05 4.90 475
1% 1.50 1.25 0.95
Mean = 1 1.01 1.01 0.99
Variance = 2 2.97 2.02 1.88
n =500 10% 10.50 10.40 10.55
5% 6.00 5.70 6.05
1% 1.75 1.65 0.85
Mean = 1 1.06 1.05 1.04
Variance = 2 2.79 2.43 2.10

variances of the maximum likelihood, quasi-maximum likelihood and semiparametric
estimators, see Gonzalez-Rivera and Drost (1999).

Finally, in Tables 5 and 6, we present the results of PRS, QPRS and SPRS for the
case of testing for omitted variables under the assumption that the errors are distributed
as x> with 8 degrees of freedom. This implies an asymmetric and leptokurtic error term
with coefficient of skewness equal to 1 and a coefficient of kurtosis equal to 4.5. In
Table 5, we show the size of the tests. For small samples, n = 25, there is a big size
distortion in the QPRS test. For moderate samples, n = 100, the SPRS; has a better
size than the QPRS. For moderate to large samples, n =250 and 500, there is a similar
performance in QPRS and SPRS;. In Tables 6, we report the power performance for
two sets of alternative hypothesis, 1 = 0.1 and 0.4. Since for n = 25, there are big
size distortions, we focus in moderate and large samples. For the very local alternative
f1 =0.1, there is a very similar performance in QPRS and SPRS; where the former
dominates the latter. For the alternative §; =0.4, we observe that there are some small
power gains in the SPRS; with respect to the QPRS, in the moderate to large samples,
n =100, 250 and 500.

In summary, these Monte Carlo simulations show that there is a positive pay-off to
the use of the SPRS tests. For the problem of misspecified regression, the semiparamet-
ric tests perform as well as the QPRS test. For the problem of heteroskedasticity, the
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Table 6
Power (%) of the semiparametric Rao score tests regression model with chi-squared errors ( X%)

yi=(x1; —X1)B1 + (2 — %) + s

Empirical PRS QPRS SPRS;,
size (%)
H()Z/fl =0 Hliﬁl =0.1
n=25 10 7.05 9.72 5.30
5 2.45 5.09 2.85
1 0.35 1.72 0.65
n =100 10 10.10 9.85 6.80
5 3.20 4.30 4.20
1 0.05 0.08 1.20
n =250 10 11.85 13.10 8.90
5 5.30 7.10 4.75
1 0.25 1.00 1.40
n=>500 10 21.65 16.75 11.40
5 9.85 8.65 6.40
1 0.95 1.20 2.05

Hoiﬂl =0 H]Zﬁ] =04

n=25 10 8.50 14.00 11.40
5 1.65 7.21 6.60
1 0.00 2.57 1.65
n =100 10 41.90 26.50 31.45
5 20.90 14.00 22.30
1 0.25 4.20 9.15
n =250 10 77.45 61.80 58.00
5 59.55 47.80 43.05
1 7.80 20.75 24.60
n =500 10 93.40 87.80 85.50
5 87.80 79.50 75.20
1 54.60 45.85 55.75

semiparametric tests outperformed the QPRS test. Evaluating the overall performance
of the two semiparametric tests considered we recommend the use of SPRS; become
of its superior power properties.
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Appendix A.

We show that the SPRS has a central X; distribution under the null. The proof, using
the assumptions 1-14 of Ai (1997) and the assumption that g(0) is twice continuously
differentiable with G(0) = dg(0)/00’ nonsingular, follows from the results of Newey
and McFadden (1994) and Ai (1997).

First we note from Lemmas 4.1 and 4.2 of Ai (1997) that, uniformly over 0,

1
;f(e) =E[s(z,0, )]+ op(1), (A1)

50/ S(0)=E {ae/s(z 0, f)} +op(1)=—2 4 0,(1) (A2)

or

(8(0) 5(0)) = op(1),

60’
%(f(e) — 5(0)) = op(1). (A3)
1 A A
- 21: s(z;, 0, f)s(z;, 6, f)/ =2 + Op(l ), (A4)

where §(0) = > s(z:,0, 7). Under assumption 8 of Ai (1997) Es(z,,0, f) =0 if and
only if =0y, the result (A.1) gives §(0)/n %> 0. Further from (A.2) n='0§(0)/00 % —%.
Thus 0 is consistent, 0 = 0 + 0p(1) under the null.

Now substituting (A.2) and (A.3) in (2.17) and using (2.11)

Vil =/n0 +o0,(1) and /n(/—2)=o0,(1). (A.5)
Further, using a Taylor expansion around f and 0
1 A 1
ﬁs(ﬂ) = ﬁs(ﬂ) + op(1). (A.6)
These results show that

SPRS = SPRS* + 0(1). (A7)

Thus, under the null, the asymptotic distribution of SPRS is a central X;- The results
follows immediately from the Newey and McFadden (1994) result that the SPRS* is
distributed as a central y,.

Finally we show that the one-step estimator 0" is asymptotically equivalent to 0 un-
der the null. This follows by first noting that 95(0 *)/n00'=—2+o0,(1) and dg(0 *)/00'=
G + op(1). Further, by Taylor expansion, \/ng(0*) = /ng(0) + G/n(0* — 0) + 0,(1)
and (1//n)s(0*)=(1/y/n)$(0) — 2/n(0* — 0) + op(1). Substituting these into (2.17)
and then comparing with (2.11) prove that \/n(0 T é):op(l) and \/ﬁ(/“z* —)t):op(l).
Thus, /(0 — 0) = (0" — 0) + /(0 — 0) = op(1).
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