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ABSTRACT

In this paper we propose a testing procedure for comparing the predictive abilities of possibly misspecified
density forecast models. We use the minimum Kullback-Leibler Information Criterion (KLIC) divergence
measure to define the distance between the candidate density forecast model and the true model. We use the
fact that the inverse-normal transform of the probability integral transforms (PIT) should be IID standard
normal as discussed in Berkowitz (2001). To compare the performance of density forecast models in the
tails, we use the censored likelihood functions to compute the tail minimum KLIC. The reality check test of
White (2000) is then constructed using our distance measure as a loss function. To highlight the merits of
our approach, we use the daily S&P500 and NASDAQ return series to conduct an empirical density forecast
comparison exercise. A large set of distributions, including some recently proposed flexible distributions to
accommodate higher moments, and the ARCH-family volatility specifications are studied. Our empirical
findings lend further support of fat-tailedness and skewness of return distributions. In addition, the choice of
conditional distribution specification appears to be a much more dominant factor in determining the quality
of density forecasts than the choice of volatility specification.
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1 Introduction

Forecasting density has been at the core of finance and economics research agenda. For instance, most of
the classical finance theories such as asset pricing, portfolio selection, and option valuation aim to model
the surrounding uncertainty via a parametric distribution function. Extracting information about market
participants’ expectations from option prices can be considered another form of density forecasting exercise
(Soderling and Svensson, 1997; Jackwerth and Rubinstein, 1996). Besides, there have been increasing interest
in density forecasts of inflation, unemployment and output (Clements and Smith, 2000; Clements, 2002).
Some popular risk measurement tools such as the Value-at-Risk (VaR) and expected shortfalls (ES), which
aim to model the tails of portfolio return distributions, can also be evaluated from the perspective of density
forecasting.

Consequently, in time series econometrics, there has been extensive literature on evaluating density
forecast models: Diebold et al. (1998), Diebold et al. (1999), Clements and Smith (2000), Berkowitz (2001),
Hong (2002), among others. In particular, Diebold et al. (1998), Granger (1999a, 1999b), Granger and
Pesaran (2000a, 2000b), Pesaran and Skouras (2001), and Patton and Timmermann (2003) discussed the
issue of forecast optimality."

While the research on evaluating each density forecast model has been very versatile since the seminal
paper of Diebold et al. (1998), there has been much less effort in comparing alternative density forecast
models. Considering the recent empirical evidence on volatility clustering and asymmetry and fat-tailedness
in financial return series, we believe that a formal test of relative optimality of a given model compared with
alternative distribution and volatility specifications in the context of density forecasts will contribute to the
existing literature.? Deciding on which distribution and/or volatility specification to use for a particular asset
is a common task even for finance practitioners and risk professionals. For instance, in spite of the massive
literature on volatility forecasting, a clear consensus on which model to use has not yet been reached. As
argued in Poon and Granger (2003), most of the (volatility) forecasting studies do not produce very conclusive
results because only a subset of alternative models are compared, with a potential bias towards the method
developed by the authors.? It is further claimed that lack of a uniform forecast evaluation technique makes
volatility forecasting a difficult task. Being able to choose the most suitable volatility and distribution

specifications is a more demanding task. However, in this paper we demonstrate that this gap can be filled

1Tay and Wallis (2000) surveyed the recent studies on density forecasts; Bauwens et al. (2003) applied density forecast to
the ACD models and Freichs and LofHler (2003) to credit portfolio risk evaluation within the same framework.

2For more details, see Engle (1982), Harvey and Siddique (1999), Mittnik et al. (1999), Lambert and Laurent (2001),
Jondeau and Rockinger (2001, 2003), and Mittnik and Paolella (2003).

3They further stated (p. 507), “However, it seems clear that one form of study that is included is conducted just to support
a viewpoint that a particular method is useful. It might not have been submitted for publication if the required result had
not been reached. This is one of the obvious weaknesses of a comparison such as this; the papers being prepared for different
reasons, use different data sets, many kinds of assets, various intervals between readings, and a variety of evalution techniques.”



by a rigorous density forecast comparison methodology.

The main aim of this paper is to propose a test for comparing various density forecast models, all of which
can be possibly misspecified. The proposed test for density forecast comparison enables us to assess which
volatility and/or distribution are statistically more appropriate to mimic the time series behavior of a return
series. Since every particular density forecast model may be misspecified, comparison of a set of candidate
models should be based on the “distances” of these models to the true, unknown model. Our starting point
is to utilize Kullback and Leibler’s (1951) information criterion (KLIC) and then relate it to the likelihood
ratio (LR) statistics of Berkowitz (2001) for density forecast evaluation. In particular, we define the distance
of a postulated density forecast model to the true model as the minimum KLIC divergence measure between
the two distributions, as suggested by Vuong (1989). This distance can be estimated by the sample likelihood
ratio, which is equivalent to the sample likelihood ratio of the density of the inverse normal transform of
the probability integral transforms (PIT) of the process with respect to the models’s density forecast to a
standard normal density. This equivalence enables us to use the LR statistic developed in Berkowitz (2001)
to estimate conveniently the minimum KLIC. One immediate extension of the proposed test is to compare
the predictive abilities of alternative density forecast models in the tails within the context of VaR and
ES.# For this purpose, a tail minimum KLIC discrepancy measure based on the censored likelihoods is used.
Another innovation of this paper is to use our distance measure as a forecast loss function in the framework
of White’s (2000) reality check.

As an application, in the empirical section we demonstrate how the proposed testing methodology can
be used to assess density forecasts in the context of risk management. We show that, by using the proposed
test it is possible to differentiate the relative importance of volatility and distribution specifications for a
return series. To this end, we conduct a density forecast comparison of 117 (= 13 x 9) models constructed
from thirteen different distributions and nine different volatility models. Our empirical findings based on
the daily S&P500 and NASDAQ return series confirm the recent evidence on financial return asymmetry
and persistence of volatility. The Hansen-t distribution developed by Hansen (1994) appears to the one of
the most successful distribution for the tails. In addition, the empirical results strongly indicate that the
choice of conditional distribution specification is a much more dominant factor in determining the quality of
density forecasts than the choice of volatility specification. The distribution ranking given a volatility model
is much more consistent and show less variability than the volatility ranking given a distribution model.
This finding, may constitute a explanation why the volatility forecasting studies in the massive literature

are so inconclusive in ranking various volatility models. Meanwhile, a model that provides superior density

4The proposed test can also be useful for comparing density forecasts of portfolio returns and evaluating alternative credit
portfolio risk models.



forecasts for the whole return distribution may not necessarily meet the needs of risk managers who care
much more about the tails. These findings may explain why many different VaR models based on different
distribution and volatility specifications do produce different predictive performance, as examined in Bao
et al. (2003). The results obtained in the paper may shed some light on how both the distribution and
volatility specifications can be treated for a better forecasting practice.

This paper is organized as follows. In Section 2, we develop our distance measure based on the minimum
KLIC divergence measure between a candidate model and the true model. The reality check test using this
distance measure as a loss function to compare a set of competing models with a benchmark model is also
discussed. In Section 3 we present the design of the empirical experiment we shall conduct in this paper. In
Section 4, empirical results obtained by using the daily S&P 500 and NASDAQ return series are presented.
Finally, Section 5 concludes. More detailed description of the distribution and volatility models described

in Section 3 and used in Section 4 is given in the appendix.

2 Comparing Density Forecast Models

Consider a financial return series {y;}7_;, generated by the probability law Pr (y; < y|F;_1) conditional on
the information set F;_1 (o-field) at time ¢ — 1, possibly including some exogenous variables. Suppose that y;
has a true, unknown conditional density function ¢y (y:) = @i (ye|Fr—1). Let ¢y (y1;0) = i (y:|Fi—1;0) be a
one-step-ahead conditional density forecast model, where 8 € © is a finite-dimensional vector of parameters
in a compact parameter space ©. If ¢;(-;09) = ¢i(-) for some By€ O, then the one-step-ahead density
forecast is correctly specified and hence optimal, as it dominates all other density forecasts for any loss
function (e.g., Diebold et al., 1998; Granger and Pesaran, 2000a, 2000b).

In practice, it is rarely the case that we can find an optimal model. As it is very likely that “the true
distribution is in fact too complicated to be represented by a simple mathematical function” (Sawa, 1978),
all the models proposed by different researchers can be possibly misspecified and we regard each model as
an approximation to the truth. Our task is then to investigate which model can approximate the true model
most closely. We have to first define a metric to measure the distance of a given model to the truth and then

compare different models in terms to this distance.

2.1 The Distance Measure

The adequacy of a postulated distribution may be appropriately measured by the Kullback-Leibler (1951) In-
formation Criterion (KLIC) divergence measure between two conditional densities, I (¢ : 1, 0) = E[ln ¢y (y¢)—

In ¢y (y¢; 0)], where the expectation is with respect to the true distribution. Following Vuong (1989), we define



the distance between a model and the true density as the minimum of the KLIC

I(p:4,0%) =E[ng: (y;) — Inepy (y;0")], (1)

and 0" is the pseudo-true value of 8, the parameter value that gives the minimum I (¢ : 1, 0) for all 8 € ©
(e.g., Sawa, 1978; White, 1982).> The smaller this distance, the closer the model 1 () to the true density.°
Hence we use this distance measure to compare a battery of competing models.

However, I (p:1,0%) is generally unknown, since we can not observe ¢ (-) and hence the expectation.
Under some regularity conditions, it can nevertheless be shown that E[ln ey (y:) — Iney (y¢;0™)] can be

consistently estimated by
T
. 1 ;
I(p:4,07) = TZUH%(%)—M% (ye:07)], (2)
t=1

where 8* can be consistently estimated by 87 that maximizes % ZtT:1 In vy (ye; 0)

But we still do not know ¢ (+) . For this, we utilize a inverse normal transform of the probability integral
transform (PIT) of the actual realizations of the process with respect to the models’s density forecast. The
equivalence between In[o;(y;)/v¢(y; O7)] and the log likelihood ratio of the transformed PITs enables us
to consistently estimate I (p : 1,0") and hence to compare possibly misspecified models in terms of their
distance to the true model.

The PIT of the realization of the process with respect to the models’s density forecast is defined as

Yt

Ut = 11% (y)dy) (3)

where ¥ (y) = ¢ (y; O7). It is well known that if ¢4 (-) coincides with the true density ¢; (-) , then the sequence
{Ut}Zﬂ is IID and uniform on the interval [0, 1] (U [0, 1] henceforth). This provides a powerful approach to
evaluating the quality of a density forecast model. If the transformed series {u;} is not IID U [0, 1], then
¥¢(+; 0) is not an optimal density forecast model.” Therefore, a natural test of optimality of a density forecast
model it to test the IID U [0, 1] properties of {u:}, see, e.g., Diebold et al. (1998), Diebold et al. (1999b),
Clements and Smith (2000), Hong and Li (2002), Noceti et al. (2003), among others. Our task, however,
is not to evaluate a single model, but to compare a battery of competing models. Our purpose of utilizing
the PITs is to exploit the following equivalence between In[ps (y¢) /¢4 (y:)] and the log likelihood ratio of the

transformed PITs and hence to construct the distance measure.® The inverse normal transform of the PIT

5We use the word “distance” loosely because the KLIC divergance measure does not possess some basic properties of a
distance measure. By “distance”, we mean the KLIC divergance measure evaluated at the pseudo-true parameter value.

6This motivates Vuong (1989) to design a model selection test for two competing models, say, %1 (-) and 2 (-) , by comparing
E [¢1 (y;07)] and E [¢2 (y; 05)], while Giacomini (2002) considered a weighted out-of-sample test.

"Diebold et al. (1999) showed that when the innovation distribution belongs to a location-scale family and the conditional
location and scale are adequately specified, {us} will be IID, but not U [0, 1] if the innovation distribution is misspecified. If the
innovation distribution does not belong to the location-scale family, both serial dependence and non-uniformity of {u:} may be
caused by either poorly modelled location/scale or misspecified innovation distribution

81n fact, any other continous transformation (the inverse of a continous CDF) will give us an equivalence relationship. We
use the normal inverse transform in particular for the sake of convenience.



is
Ty = éil(ut)a (4)
where ®(-) is the CDF of the standard normal. If the sequence {ut}tT:1 is IID U [0, 1], then {xt}Z:l is I1ID

standard normal N (0,1) (IID N(0,1) henceforth).® More importantly, Berkowitz (2001) (Proposition 2, p.
467) showed that

In [01(y1) /(o) | = Infps (2e) /6 ()] (5)

where p; (+) is the density of ; and ¢ (+) is the standard normal density. Therefore, the distance of a density
forecast model to the unknown true model can be equivalently estimated by the departure of {xt}il from

IID N(0, 1),
T
P 0,00) = 53 Inpe () ~ 06 (20)] (

At a first glance, it may look like a loop: we do not know ¢; (-) and we make use of the transformed PITs, but
we do not know p; (+) either. Ideally, the unknown density p; (-) should be able to accommodate heterogeneity,
dependency, and nonnormality, possibly existing in the transformed PITs due to some misspecification of
the density forecast model. We transform the departure of 1;(-; @) from ¢(+) to the departure of p; (-) from
IID N(0,1). From a methodological point of view, however, we regard this transformation as nontrivial. The
true distribution about {yt}tT:1 is in fact maybe “too complicated” and we do not even know what it should
look like, so departure of a model from this unknown object will also be too complicated. The truth about
the transformed PITs {mt}?zl is nevertheless quite simpler: it should behave as IID N(0, 1) if the density
forecast model hits the true density. In our point of view, measuring departure of the unknown p; (-) from
IID N(0,1) is more straightforward than measuring departure of the postulated 1 (-;0) from something
unknown in the sense that we can at least specify a flexible p; () to include IID N(0,1) as a special case,
but we when we specify ¢ (-; @) there is no guarantee that the postulated v (-;0) will accommodate the
complicated ¢;(+), which is unknown at all a priori.

Saying so, we do not intend to claim that specifying departure from IID N(0, 1) is an easy task. We want
pt (+) to be as flexible as possible to reflect the true distribution of {xt}tT:l and at the same time it can be
IID N(0,1) if the density model coincides with the true model. We follow Berkowitz (2001) by specifying
{xt}le as an AR(L) process

zy = p'Xe1 + ony, (7)

where X; 1 = (1,24—1,- - ,xt_L)/, pis an (L 4+ 1) x 1 vector of parameters, and n; is IID distributed. In

Berkowitz (2001), n; is further assumed to be normally distributed. Apparently, if we specify p; () as such

9This provides an equivalent approach to evaluating the quality of a density forecast model, see, e.g., Berkowitz (2001). Of
course, testing IID N (0, 1) can also be reagred as a specification test, see, e.g., Jarque and Bera (1980), Lee (1984), Hall (1990),
Bai (2003), Bontemps and Meddahi (2003), Duan (2003), and van der Klaauw and Koning (2003).



(IID and normal), then our comparison based on the distance measure (6) will suffer the same criticism of the
LR test of Berkowitz, as pointed out by Clements and Smith (2000) and Noceti et al. (2003): a maintained
assumption on {xt}le is normality and in some circumstances “a test of the normality assumption itself
may prove more powerful” (Noceti et al., 2003, p. 448). An obvious remedy is to specify a flexible alternative
distribution for 7, say, ps (1:;9y) , where 9, is a vector of distribution parameters such that when 9,= 19:‘,,
Dy (-; 19’:]) is IID N(0,1). A test for IID N(0,1) of {l‘t}z;l per se can be constructed by testing elements of
the parameter vector ¥ = (p’, o, 19;7)’, say, p=0, 0 =1, and 9, = 19;';. Jarque and Bera (1980) specified
Pt (;9,) to be the Pearson distribution; Hall (1990) assumed the seminonparametric (SNP) density of
Gallant and Nychka (1987) for n;; Kiefer and Salmon (1983) and Smith (1989) assumed 7 to admit the
Gram-Charlier/Edgeworth-Sargan density. All these works constructed the tests using the LM principle.
In fact, as the LM test requires estimation under the null only, the test statistics derived as such can be
simplified substantially. However, the LM statistics, taking the form of a chi-square, is not a sample average,
which makes the reality check (see next subsection) unoperational. The LR statistics, which is also the
estimated distance measure of a density forecast model to the true model, on the other hand, takes the
form of a sample average, which makes the reality check to compare competing models readily operational.
To construct the LR statistics, we require the estimation of 19, in particular, 1,. For the three flexible
densities mentioned above (Pearson, SNP, and Edgeworth/Gram-Charlier), there is documented evidence in
estimating the Pearson density (in particular, the type IV density, see Johnson et al., 1994), and the SNP
density is much easier to estimate compared with the Gram-Charlier/Edgeworth-Sargan density, when the
nonegativeness constraint on the density function is imposed (also see Section 3). For this, we assume that

{xt}z;l follows the AR process (7) with n; IID distributed with the SNP density function of order K

2
(Ziomnt) o (ne)
2
j;oo (22{:0 Tk“k> ¢ (u) du
where 79 = 1. Now 9, = (r1,---,rk). Setting r, =0, k=1,-- -, K, p () = ¢ (1) -

p(ne;9) = ; (8)

Given (7) and (8), the density of z; is

p(20:9) = pllee — p'Xi1) [o;9)

which degenerates into IID N(0,1) by setting 9 = 9* = (0/,1,0’)". Then the estimated minimum KLIC

divergence measure is

T , -
0.0 = 73" 2l P2 o0

t=1

The LR test statistics of the adequacy of the density forecast model 4 (-;0) in Berkowitz (2001) is simply

—In¢ (z)

the above formula with p(-) = ¢ (). The parameter vector ¥ can be estimated by maximizing the sample



likelihood function 4 Zthl Inp (z;9). Then I(¢p : v, 07) can be estimated by
I(p:4,6r) = Z [0 p(e; Br) — 06 ()]

_ XT: [ pT-X:t 1) /oT; nT} e )

or

’ﬂ |

where 97 = (p',6,9,1)’ is the MLE.

We note that closely related works to compare density forecast models are Corradi and Swanson (2003a,
2003b). Their approach is to compare the cumulative distribution function of a density forecast model to the
empirical distribution (EDF) of the series in question. The distance of a density forecast model to the true
model is measured by the mean square error of the CDF and the EDF, integrated out over the domain of the
series. Our approach and theirs share the same flavor in the sense that we quantify the distance of a density
forecast model with reference to the true distribution. They estimate the true cumulative distribution by the
empirical distribution, but in our case the (transformed) true density is always IID N(0,1). The equivalence
relationship (5) enables us to map the misspecification of a model to the deviation of {J:t}thl from IID
N(0,1). The relationship (5) also tells us that the LR statistic based on the transformed PITs is actually
an estimate of the KLIC divergence measure between the model and the truth. In addition, we shall show
soon that our distance measure can also be used to investigate the accuracy of the density forecast model
over a specific region. Therefore, we answer both questions posed in Corradi and Swanson (2003a) (the
applicability of the PIT approach to the context of density forecast comparison) and Corradi and Swanson
(2003b) (the applicability of the KLIC discrepancy measure over some specific regions). Nevertheless, we
agree with them on that neither distance measure is more “natural” than the other. From a Bayesian
point of view, a model selection procedure based on the KLIC based distance measure, however, will give
a model that with the highest posterior probability (Fernandez-Villaverde and Rubio-Ramirez, 2002). In
practice, our approach should be simpler since it is based on a simple LR statistics, while their statistics are
the Kolmogorov-Smirnov type statistics. An empirical comparison of our approach with theirs may be the
subject of a further study.

As stated before, we may also want to check the performance of a density forecast model in certain
regions of the distribution. It is quite possible that a suboptimal forecast model does better than another in
predicting a certain region of the distribution (e.g., the left 5% tail), but worse in predicting another aspect
of the distribution (e.g., the left 1% tail). Risk managers care more about the extreme values in the lower
tail (large losses) than about the values in other regions of the distribution (small losses or gains). Therefore,
a density forecast model that accurately predicts tail events, though not necessarily all the events, is of more

interest to risk managers. To compare the performance of various competing density forecast models in the



tails, we can easily modify our distance measure tailored for the tail parts only. For the ease of exposition,
we focus on the lower tails only. We define the censored random variable

[ a)=T a7
Te = { Tt if Ty < T. (10)
For example, 7 = —1.645 for a = 0.05, the 5% tail. As before, we consider an AR model (7) with
distributed as in (8). Let 1(-) denote an indicator function that takes 1 if its argument is true and 0

otherwise. Then the censored random variable 2] has the distribution function

) 1(ze>T) V) 1(x<T)
R I e | el I 1)
ag

o
in which P (-;19,) is the CDF of the SNP density function (8). The CDF function P of the SNP density can

be easily calculated by utilizing the following: for integer m > 1,
/v o ) (—1)™ 2(m=1/2p (mT+1 7) V2T ifv <0
U u) du =
. 20mD/2 (14 (=)™ (22) T (=2, 2)| v2r - ife>o,

where I (+) is the complete gamma function and T' (-, -) is the upper incomplete gamma function (see Appendix

A). Given p7(z7; ), the tail minimum KLIC divergence measure can be estimated analogously
I'(p:¢,07) = Z Inp” (a7;9) — Ing¢™ (7)],
where ¢7 (27) = [1 — ® (r)]*" =7 [¢ (xt)]1($t<T) . Similarly, I (¢ : 9, @7) can be estimated by

Tl ::.01) = 7 3 2" o3 9r) ~ W™ a7)] (13)

HMH

where 97 maximizes + Zthl Inp™ (z;99).
2.2 Out-of-Sample Density Forecast Comparison

Suppose there are I + 1 models (k =0,1,...,1) in a set of the competing models, possibly misspecified. To
establish the notation with model index k, let the density forecast model k& (kK = 0,1,...,1) be denoted by
Yi.t(y; 01). There are different schemes (recursive, fixed, and rolling) to estimate 6. As our purpose is to
compare the out-of-sample predictive abilities among competing density forecast models, we consider two
subsamples {y;}f1, and {y:}T p 41 : we use the first sample to estimate the unknown parameter vector 6,

and the second subsample to check if the transformed PITs are IID N (0,1). That is, we first construct
Yt "
Ukt = wk,t(y; Bk:,tfl)dy; t=R + 17 e 7T7 (14)

where ék,tq can be based on the whole subsample {y;_1,...,y1}, or a fixed sample {yg, ..., 41}, or a rolling

sample {y;_1,...,y:_r} of size R.1% Suppose we use the rolling sample scheme, then we check the ITD N (0, 1)

10See West and McCracken (1998, p. 819) for more discussion on these three forecasting schemes. While using the whole
sample has the advantage of using more observations, we will use the rolling sample in Section 4 because it may be more robust
to a possible parameter variation in the presence of potential structural breaks.



properties of the transformed out-of-sample PITs {xy;}1_ 5 41 by defining an estimate of the out-of-sample

minimum KLIC discrepancy as

T

Ii(¢ : ¥r, O.r) = % > [11117(331@,&{91@,71) - 1n¢($k,t>} : (15)
t=R+1

where the R in 9k R is to denote the sample size used to estimated 8} and since we are using a rolling sample
scheme, it is understood that 9k R is time-varying.
Model comparison between a single model (model k) and the benchmark model (model 0) can be conve-

niently formulated as hypothesis testing of some suitable moment conditions. Consider

dit = di. (Yo, ¥r) = [In s (y¢) — o (ye; 05)] — [ e (y:) — by (yi; 03] (16)

where 1 < k <. Note that E (dy,:) = Io (¢ : ¢,05) — I (¢ : ¢, 0}) is the difference in the minimum KLIC of
model 0 and model k. When we compare model k with a benchmark (model 0), the null hypothesis is that

model k is no better than the benchmark:
H; : E(dg,) <0 foreach k=1,...,1 (17)

We can use the out-of-sample predictive ability tests of Diebold and Mariano (1995) and West (1996) by
referring to the standard asymptotic result for \/ndy,, = n='/? Z?:R_H iy = /nlIo(e : Yo, 0o.r) — In(y :

Uk, 9kR)] to test Hy, where

i = [ p(0.6:90.0) = 06 (@0.0)] = [nplansi Dicn) ~ 16 ()]

When we compare multiple [ models against a benchmark jointly, the null hypothesis of interest is that the

best model is no better than the benchmark:

: <0.
Hy lrélgéclE(dk) <0 (18)

To formulate the test statistic, consider an ! x 1 vector of moments, E(d), where d is an [ x 1 vector of
loss differential, with elements dg, 1 < k& < [. These moments have incorporated the information of the [
models and the benchmark model. Define the out-of-sample [ x 1 moment vector d,, = n~" ZtT: Ral d,,
where d; has the kth element CZk,t- By a suitable central limit theorem, we have v/n[d,, — E(d;)] — N(0,9)
in distribution as n = n(T) — oo when T' — oo. In general, the covariance matrix 2 is rather complicated
because it depends on a component due to parameter estimation uncertainty (West, 1996). However, when
E(0d/00) = 0 or n/R — 0 as T — oo, West (1996, Theorem 4.1) showed that, under proper regularity
conditions, € does not depend on parameter estimation uncertainty as is the case of Diebold and Mariano

(1995). White (2000) proposed the following test statistic for Hy:

V, = max /n[dy., — BE(dy)]. (19)



To obtain the p-value for V,,, White (2000) suggested and justified using the stationary bootstrap of Politis
and Romano (1994). This bootstrap p-value for testing Hy is called the “reality check p-value” for data
snooping. As discussed in Hansen (2001), White’s reality check p-value may be considered as an upper
bound of the true p-value. Hansen (2001) considered a modified reality check test which removes the “bad”
models from the comparison and thereby improves the size and the power of the test. In Section 4 we will
report both p-values of White (2000) and Hansen (2001), denoted as White and Hansen respectively.

The reality check to compare the performance of density forecast models in the tails can be implemented

analogously as outlined above.

2.3 Remarks on Parameter Estimation Error

Let us remark on the parameter estimation uncertainty in ¢y (ys;0g) (t = R+1,...,T). If the parameter
0™ is known so that it needs not be estimated and if the density forecast model 1 (y4;0") coincides with
the true density ¢;(y;), then {u;} is IID U[0,1] and {x;} is IID N(0,1). However, if the parameter 0p
is estimated, it is possible that {u:} departs from IID U [0,1] and {x:} departs from IID N(0,1) even
when the density forecast model v (y:;0) coincides with the true density o:(y:). We generate the PIT
{ut} from (3), that is u; = ff;o Ve (y; Or)dy, instead from fihoo i (y;0™) dy because 6" is unknown. Hence,
our reality check is based on I(p : 1,05) = %ZtT:RH[ln ©:(y¢) — Iy (ye; 05 )] rather than I (¢ :v,0%) =
L Z;F:RH[ln ©i(ye) — In ey (43 0")] in (2). The KLIC loss I(¢ : 1, @) may be decompose as

T

Ho:0,00) = Hp: 0,0+ 3 00 (507) — s O], (20)
t=R+1

where the first term is the loss due to model-specification error and the second term is the loss due to the
parameter estimation error. It is important to note that in the comparison of the density forecast models we
treat the parameter estimation error as a loss. A density forecast model that suffers less from the parameter
estimation error (i.e., a more parsimonious model) will thus be preferred if it is correctly specified. This is
in line with the model selection practice for which the bigger models are penalized. In this paper, a density
forecast model will be said to be superior to another if the KLIC loss f(cp : 1/),@3) is smaller, and thus
when it comes to comparing models for forecasting, both the model-specification-error and the parameter-
estimation-error should be taken into a loss function. (To implement the reality check, the loss I (¢ : 1, ] R)
is estimated by I(p : ¢, 0g) from the AR(L)-SNP(K) model for {z;}.)

Early work on the effects of the parameter estimation uncertainty on portfolio selection by Bawa et
al (1979) has shown that the predictive distribution of an asset return that is obtained by integrating
the conditional distribution over the parameter space is different from the predictive distribution that is

obtained when the parameters are treated as known. The difference, that may be regarded as an additional
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risk due to the parameter uncertainty, has been termed as “estimation risk”. More recently, Kandel and
Stambaugh (1996), Barberis (2000), and Xia (2001), among others, explore the effect of the estimation risk
on the economic importance in predicting stock returns, in selecting portfolio, in hedging, in long-horizon
investment decision, and in market timing. We thus consider the estimation risk as a part of the loss function
in our density forecast comparison as shown in (20).

Also, in financial risk management, both the regulators and financial risk professionals are very much
interested in forecasting the risk of a given portfolio. In the risk management practice, financial institutions
are faced with the model-risk which is the result of choosing a specific model for (say) interest rates or
stock prices. The uncertainty arising from this potential misspecification is known as model-risk. However,
since the institution is very much after the total risk measure due to the forecast errors, a distinction
between “model risk” and “estimation risk” is not a concern. As a result, the evaluation tool in this context
is backtesting the actual realized values and the forecasts from various alternative models. Throughout
this process, it is not important to distinguish how much of the forecast error is sourcing from the model
error or from the estimation error. For instance, the Bank for International Settlements (BIS) assesses the
performance of a given institution’s risk system on the basis of its risk forecasting ability. In this assessment,
what counts in the forecast comparison of various alternative models is the total forecast error regardless of

the source of error.

2.4 Evaluating the Adequacy of Each Model

Not only we may use the KLIC measure to compare the different density forecast models but also we may
use it to evaluate the adequacy of a density forecast model. Noting that the KLIC loss I (¢ : ¢k79k, R)
is related to the likelihood ratio (LR), it is interesting to use the LR statistic to assess the adequacy of
each single model. To evaluate the adequacy of the density forecast, the LR statistic is to test the null
hypothesis that {x;} follows IID N(0,1), that is p=0,0 =1, and ¥, = (1,---,7x) = 0. The LR statistic
is equal to 2 x n x I1,(p : ¥y, ék r), which has the approximate asymptotic chi-squared distribution with the
degrees of freedom of (L 4+ 1)+ 1+ K. With L = 3 and K = 8 (that we use in Section 4), its approximate
asymptotic critical values are 19.81 (at 10% level), 22.36 (at 5% level), and 27.69 (at 1% level). In Section
4 we report the KLIC loss I (¢ : ¢, ékﬂ) in the tables instead of the LR statistics. Thus the “critical”
sample loss values for Iy (¢ : Yy, ék r) are these critical values divided by 2n, which are 0.0058 (at 10% level),
0.0066 (at 5% level), and 0.0081 (at 1% level) for n = 1700. If the out-of-sample averaged loss of Model &,
I(p : wk,ékﬂ), reported in the tables is greater than these values (say, 0.0066), then the model can be

rejected as an adequate density forecast model at the pre-specified significance level.'' This LR statistic is a

M For an AR(3) model of x¢, we in fact loose the first three observations, so the critical value for the sample loss should be
¢/2(n — 3). But there is almost no difference between c¢/2n and ¢/2 (n — 3) for a large n.
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generalized version of the LR statistic of Berkowitz (2001), who used K = 0 in the SNP density (i.e., normal

density).
3 Application

In this section, we apply the reality check test under the KLIC-based loss function to investigate the adequacy
of various density forecast models for the daily S&P500 and NASDAQ return series. For a typology of various

models of {y;}, let it follow the stochastic process
Yt = Mt € = e + 2101, (21)

where p; = E(y¢|Fi—1), 02 = E(e?|F;_1), and z; = /0. If the dependence structure of {y;} can be fully
described by the first two conditional moments, {z;} may be independently and identically distributed (IID).
We simply assume that p; follows an MA(1) process without a constant term (see, e.g., Anderson et al.,
2002; Hong and Lee, 2003) As can be seen, a density forecast model based on (21) can be decomposed into
two parts: specification of o2 and specification of the conditional distribution of {zt}le . The symmetric and
skewed parametric distributions to be described below can be used in very general situations. They formulate
the basis of a likelihood function, based on which we can implement estimation, hypothesis testing, and so
on. Also, inversion of the CDF function can give the quantile of the standardized residuals, and hence VaR
of the return series. For the purpose of VaR alone, however, we may not necessarily assume a parametric
form of the distribution to get the quantile. Most commonly used in the literature is a simple nonparametric

model, namely, the historical distribution.

3.1 Distribution Specifications

We can specify the distribution of the standardized residuals {zt};‘ll by a conditional density function
fe(2) = fi(z2|Fez1) = fi (2| Fi—1;04) with a vector of distribution parameters 6; and a corresponding
cumulative distribution function (CDF) F; (2) = F} (2|Fi—1) = F; (2|Fi—1;04). Note that 8, may be time
varying and a time subscript can be added, 84+. Further, as common in the literature, 84 is specified as
0 (F;_1;94) where the “true” parameter vector ¥4 is time-invariant For time-varying distribution parameters,
it is the case that z; is not IID. For simplicity, we do not consider such complications in this paper and z;
is assumed to be IID. Hence we can drop the time subscript and write f: (2) = f(z). Given f(-) and
conditional volatility o7 = o7 (0,) with a vector of volatility parameters 6,, the conditional distribution of

e¢ 18 Wy (64| Fr—1) = Wi (61| Fi—1;0) = f (2¢) /ot, on which we build the sample log likelihood function

T T 1
£O) = Yo (el Fio)] = ot | -1 ()] (22)
t=1 t=1 t
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where § = (67, 0;})/ . Throughout, we use ~y; and s, if they exist, to denote the skewness and excess kurtosis
parameters specified by a distribution, respectively.

We have to confess that the candidate distributions included in this paper are far from being complete.
Distributions that have been used in the literature but we do not use in this paper include the exponentially
generalized beta distribution of type II (McDonald and Xu, 1995; Wang et al., 2001), the generalized ¢
(McDonald and Newey, 1988) and its skewed generalization (Theodossiou, 1998), the semiparametric density
(Gonzéalez-Rivera and Engle, 1993), nonparametric density (Bao et al., 2003), the local density (Gourieroux
and Jasiak, 2001), the generalized hyperbolic density (Eberlin and Keller, 1995; Prause, 1999), and the stable
Paretian distribution (Panorska et al., 1995; Mittnik et al., 1999), and others. In general, the cost of using
these more general or complicated models is computational time and problem of sensitivity of the parameters
to starting values and outliers in the data. Further, for some distributions, the second and higher moments
do not even exist. Nonexistence of moments, especially the second moment, can cause some fundamental
problem in pricing theory. For example, even though it is nested within the generalized t distribution,
whose moment generating function does not exist, the generalized error distribution (GED) discussed below
possesses the moment generating function, which renders straightforward derivation of moments that are
needed to price derivative assets. Also, as discussed in Theodossiou (2000), the estimated distribution
parameters of the GED are not that sensitive to outliers in the data compared with the generalized t

distribution. A second example is the stable Paretian distribution, whose variance is infinite.
3.1.1 Symmetric Parametric Distributions

For symmetric distributions, y; = 0, if the third moment exists. The standard Gaussian normal density
has long been used in the literature primarily due to its simplicity and its well understood properties. The
density function ¢ (2), the CDF ® (z), together with its inverse ®~! (a), have been well studied. Further,
there is no distribution parameter to estimate. However, the assumption of normality is quite dubious in
that ¢ (z) has a very restrictive shape with 43 = 0 and 2 = 0, which may not be consistent with the actual
data. Departure from normality of financial data was first documented in Mandelbrot (1963). In particular,
most empirical findings suggest that the standardized residuals remain leptokurtic. The GARCH-family
models may explain some, but not all, of the leptokurtosis in the unconditional distributions. Hence we have
many other candidate distributions in the following to accommodate excess kurtosis (as well as skewness for
some distributions). Even though wrongly assuming normality can give consistency of estimated volatility
parameters, efficiency can be potential problems in small samples. However, when proceeding along this
line we should be cautious: wrongly assuming normality still yields consistency, but wrongly assuming a

nonnormal distribution renders inconsistency of the parameters, let alone efficiency. The problem is that
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we never know the data generating process (DGP). Hence we may regard all the distributions as well as
volatilities as possibly misspecified and we are to compare these possibly misspecified models using an
appropriate measure of the distance to the unknown DGP.

A second symmetric distribution widely used is the Student ¢ distribution, which has fatter tails compared
with the standard normal distribution. Since the kurtosis of the Student ¢ distribution is determined by its
degrees of freedom parameter v, we estimate it simultaneously as a free parameter to capture the excess
kurtosis that can not be explained by the GARCH-family models. A standardized Student ¢ distribution is
symmetric and y; = 0 provided that v > 3. For v > 4, it gives 2 =6/ (v — 4).

Nelson (1991) used the generalized error distribution (GED) of Subbotin (1923) to model the distribution
of stock market returns. The GED is still symmetric, but is quite flexible in the tails through a parameter v:
when v = 2, it degenerates into a standard normal; when v < 2, it has fatter tails than the normal (for v =1
it degenerates into a double exponential distribution); when v > 2, it has thinner tails than the normal (for
v = 00, it becomes a uniform distribution). The excess kurtosis parameter v, is I (1/0) T (5/v) /[T (3/v)]* .
The double-exponential distribution (also known as the Laplace distribution), a special case of the GED, was
used in Mittnik and Rachev (1993) to model unconditional distributions of asset returns. Granger and Ding
(1995) and Gonzalez-Rivera (1997) used it in conjunction with the GARCH model. It gives v = 3. The
Double Weibull distribution (to be denoted as DW henceforth) with a tail parameter a, which generalizes
the Laplace distribution, but differs from the GED, was also proposed in Mittnik and Rachev (1993) and
can model v, =T (1 +4/a) /[T (1 +2/a)]?.

3.1.2 Skewed Parametric Distributions

While the GED and double Weibull distribution allow for considerable flexibility for vs, they can not model
skewness observed in many financial series. For example, Smikowitz and Beedles (1980) and Singleton and
Wingender (1986) found evidence of positive skewness of individual stock returns; Badrinath and Chatterjee
(1988) and Alles and Kling (1994) found the presence of skewness in indices of security and bond markets;
Chen et al. (2000) observed that small firm’s stocks tend to possess positive skewness in contrast to the
observed negative skewness for large firm’s stocks. Existence of skewness can be explained by the leverage
effect (Black, 1976), volatility feedback (Pindyck, 1984), stochastic bubble (Blanchard and Watson, 1982),
and heterogeneity among investors (Hong and Stein, 1999; Chen et al., 2000). Neglecting skewness can
lead to biased inference about risk and Harvey and Siddique (2000) incorporated measures of conditional
(co)skewness to a asset pricing model. In this paper, we include eight flexible parametric distributions which
can model both skewness and excess kurtosis.

The skewed t was first proposed by Fernandez and Steel (1998) as a four-parameter skewed Student distri-
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bution where the four parameters specifying the location, dispersion, skewness and kurtosis have meaningful
interpretations. It is based on a mixture of two truncated symmetric Student distributions. The standard-
ized version with only two parameters given in Lambert and Laurent (2001) was used with an APARCH
model to model the NASDAQ return series and was found to be adequate in describing the data compared
to the normal and Student distribution. 1 and -3, functions of the two parameters £ and v, for a skewed ¢
distribution are given in the appendix.

Closely related is Hansen’s (1994) generalized ¢ with time-varying parameters. A skewness parameter
At directly controls the extent of asymmetry. When A\; = 0, the distribution degenerates to the standard
Student ¢ distribution and when A; > 0 (< 0), the distribution is skewed to the right (left). A time invariant
form of Hansen (1994) is used in Bond (2001), where the two parameters 7 and A are estimated directly.
Compared with the skewed ¢ of Lambert and Laurent (2001), Hansen (1994) does not relate  and A directly
to the kurtosis and skewness, though this is done recently in Jondeau and Rockinger (2003). The allowed
v and 7, are quite complicated, as shown in Jondeau and Rockinger (2003). The skewness or kurtosis may
even cease to exist for some ranges of domain of (1, \). For a given kurtosis, the allowed skewness is quite
restricted. If we impose existence of the density function given the first four moments, the excess kurtosis
is bounded below by 0, which means that Hansen ¢ does not allow tails to be thinner than the normal
distribution. Instead of modelling the distribution parameters as function of F;_;, Harvey and Siddique
(1999) modeled the skewness (only) directly as 41 = v1 (Fi—1), which implicitly determines the non-central
t parameters used for the conditional distribution of the standardized series. It is claimed in Harvey and
Siddique (1999) that Hansen’s (1994) ¢ is an alternative parameterization of the non-central ¢ distribution.
For simplicity, we use a time-invariant version of Hansen (1994) in this paper.

Theodossiou (2000) gave the skewed version of the GED with two parameters which control skewness
and kurtosis respectively. The skewed GED was used to investigate the empirical distribution of returns of
several financial assets at different frequencies and is found to provide a good fit.

The inverse hyperbolic sine (IHS) transformation with two parameters is used in Hansen et al. (2000)
and Choi (2001) to model asymmetric and fat-tailed distributions. It is based on Johnson’s (1949) hyperbolic
sine transformation of a standard normal distribution. Besides being “one of the most flexible distribution
among all skewed and leptokurtic distributions” (Choi, 2000, p.8), calculation of the inverse CDF (quantile)
is extremely simple compared with other skewed parametric distributions. He used the IHS model on several
stock market indices and found that it can capture tail behavior better than the extreme-value-theory-based
models.

Another distribution which can exhibit skewness and excess kurtosis is the mixture of two normal dis-

tributions (denoted as MN henceforth). See Venkataraman (1997), Bee (2000), and Wang (2001) for its

15



application. Of course, in principle, the components to be mixed can be more than two and need not nec-
essarily be normal. For example, Neumann (1998) used the mixture of lognormal distributions to model
option pricing. For simplicity, in this paper we focus on a mixture of two normals. After standardization, it
has only three parameters.

The Double Gamma distribution (DG, henceforth) is another candidate distribution, which was first
proposed by Knight et al. (1995) as a method of capturing asymmetry in the distribution of financial
returns. Bond (2002) applied it to model the downside risk in exchange rate data in a conditional volatility
framework. It has three parameters.

The Gram-Charlier / Edgeworth-Sargan density (to be simply denoted as Sargan henceforth), has also
been used in the literature to model skewness and excess kurtosis. See Mauleén and Perote (1995), Perote

and Del Brio (1999), Jondeau and Rockinger (2001), and Straja (2001). It takes the form
In (Z) = ZCiHi (Z) ¢(Z) )
i=0

where n is the order of the approximating density, H; (-) is the ith-order Hermite polynomial, defined as
(=1)" (8¢/02")/$ (2). Usually we set n = 4 or 6, which give the Edgeworth type-A and type-B density,

respectively, as follows

filz) = |14+ Ha(2) + 22Hi(2)] 6 (2),
2
fe(z) = {1 + %Hs (z) + %fh (2) + %HC) (3)} ¢ (2).

As shown by Barton and Dennis (1952), to guarantee the positiveness of the approximate density, the range
of skewness and excess kurtosis parameters is smaller for type-B density than type-A density. Following
Jondeau and Rockinger (2001), we use f4(z) and regard v; and ~y, as parameters to be estimated by the
maximum likelihood method. In practice, we adopt the algorithm developed by Jondeau and Rockinger
(2001) to implement the positiveness constraint. Briefly, the envelope of the domain of admissible skewness
and excess kurtosis, D (y1,72) , which solves simultaneous fy () = 0 and f} () = 0, is characterized by

d3<z) 7

where d (2) = 4H3 (2) —3H3 (2) Hy (2) . Therefore, we have a one-to-one correspondence between 2 and |71 |

T (2) = —24

and the range of 5 is [0, 4] while the range of v; is symmetric around a given v2. The maximal |v;| is 1.0493
when v9 = 2.4508. To begin with, we partition [0, 4] into N — 1 equally spaced intervals with grid points ~o;,
i=1,---,N. For each s, we solve for |y1;|. For a given s, the upper and lower bounds, v and 7%, of v,

can be found by linear interpolation. That is, find ¢ such that v2; < v2 < 7¥2,;+1 and the bounds of vy; are
W= ai+bve, =7,
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V2,041 — V24 V2,i+1 — V2i
We can use the logistic transformation to impose the constraints on ; and s so that we have a unconstrained

maximizing exercise.
3.1.3 Historical Distribution

For the calculation of VaR, a quite simple way is to use is the historical distribution (HS, henceforth). One
criticism of this methodology is that it ignores information updating. However, it is so easy to implement
that it is still widely used in practice for various purposes. This method uses the empirical quantiles of the
historical distribution of past observations to estimate F'~! (a). In other words, for a sample of size n, we

simply assume that f (z;) = 1/n and F (2) = %2?21 1(z < 2).

3.2 Volatility Specifications

The conditional variance o7 can be specified with various volatility models. We can specify it nonpara-

metrically (Biithlmann and McNeil, 2001), parametrically (the GARCH family), or through some stochastic
volatility model (Taylor, 1986, 1994; Ghysels et al., 1996). For comparison of these different volatility spec-
ifications, see Poon and Granger (2003) and references therein. In this paper, we focus on the GARCH
family.

Engel (1982) first introduced the ARCH model, where o7 is a function of past squared errors. Bollerslev
(1986) developed the GARCH model, where o7 depends upon its own lagged values as well as the squared
errors. The exponentially weighted moving average (EWMA) of Riskmetrics is a special case of the nonsta-
tionary version of GARCH, the so-called integrated GARCH (IGARCH), where all the volatility parameters
(excluding the constant term) sum to 1. The GARCH model captures a salient feature of financial series:
volatility persistence. However, while the GARCH model features an exponential decay in the autocorrelation
of conditional variance, the IGARCH model assumes an infinite horizon of decay. Empirical findings suggest
that a shock in volatility seems to have long, but not infinite, memory. This gives rise to the fractionally
integrated GARCH model (FIGARCH) of Bollerslev and Mikkelsen (1996), where a fractional parameter d
controls the rate of hyperbolic decay in the autocorrelation of conditional variance. A generalization of FI-
GARCH is the hyperbolic GARCH (HYGARCH) of Davidson (2002). The component GARCH (CGARCH)
model of Ding and Granger (1996) and Engle and Lee (1999) is also capable of capturing slow decay in the
second moments. An issue of interest is to investigate and compare the adequacy of the two different types
of volatility models that can both produce the very slow decay in the autocorrelation of conditional variance.

The above mentioned GARCH-family models are symmetric in the sense that positive and negative shocks

have the same effects on the conditional variance. Engle and Ng (1993) proposed using the news impact curve
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to evaluate asymmetric GARCH models, in which the feedback mechanisms of positive and negative shocks
(“good” and “bad” news in their terms) are modelled differently. Asymmetric GARCH models include the
exponential GARCH (EGARCH) model of Nelson (1991), the GJR-GARCH of Glosten et al. (1993), the
threshold GARCH (TGARCH) of Zakoian (1994), the smooth transition GARCH (STGARCH) of Gonzélez-
Rivera (1998), the asymmetric power ARCH (APARCH) of Ding et al. (1993), and others. Note that the
APARCH model nests ARCH if § = 2, ¢; =0 and §; = 0, nests GARCH if § = 2 and ¢; = 0, nests GJR if

= 2 and nests TGARCH if § = 1 (see the appendix). If we combine the idea of fractional integration with
asymmetry GARCH models, we can easily have the FIEGARCH, FIAPARCH, and so on.

In practice, we have to impose some conditions on the volatility parameters to guarantee the positiveness
of the conditional variance, except for the EGARCH model. For some special cases, further restrictions
can be imposed to achieve stationarity. Given the possibility of hundreds of various GARCH-family models
(e.g., Hansen and Lunde, 2002), we select only the following models in this paper: EWMA, GARCH, GJR,
APARCH, EGARCH, STGARCH, FIGARCH, FIAPARCH, CGARCH. For all the fractionally integrated
models, we use its generalized version HYGARCH, say. That is, we estimate an additional parameter x (see

the appendix). Also, we fix p, lag of the conditional variance, and ¢, lag of the squared errors, to be both 1.

4 Empirical Results

In this section, we use two data sets to compare the 117 density forecast models described in Section 3
(thirteen different distribution models and nine different volatility models). The two data sets are the daily
S&P 500 and NASDAQ return series, retrieved from finance.yahoo.com and CRSP.'? They are from January
3, 1990 to June 30, 2003 (T = 3403). We split the sample into two parts (roughly into two halves): one
for in-sample estimation of size R = 1703 and another for out-of-sample density forecast of size n = 1700.
We use a rolling-sample scheme. That is, the first density forecast is based on observations 1 through R
(January 3, 1990 to September 24, 1996), the second density forecast is based on observations 2 through
R+ 1 (January 4, 1990 to September 25, 1996), and so on.

Table 1 and Table 2 give the empirical results of density forecast comparison under the KLIC loss function
for S&P 500 and NASDAQ. A model in each cell, corresponding to a particular density specification (row)
in conjunction with a particular volatility specification (column), is regarded as a benchmark model and it is
compared with the remaining 116 models. We set the number of bootstraps for the reality check to be 1000
and the mean block length 4, which corresponds to ¢ = 0.25 in White (2000). The averaged out-of-sample
KLIC loss Iy (¢ : ¥, 9k7 r) (the first number in each cell) as well as the reality check p-value of White (2000)

12There were a few missing observations in the NASDAQ series from finance.yahoo.com, which were checked against the
CRSP data provided by Canlin Li. Other than these few observations, the Nasdaq series from the two sources were consistent.
Regarding the week following September 11, 2001, we treat it as a long holiday.
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(the second number in each cell) and the modified reality check p-value of Hansen (2001) (the third number
in each cell) are presented.

With the AR(L)-SNP(XK) model specified in (7) and (8), we use the Akaike and Schwarz information
criteria (AIC, SIC) for the selection of L and K. In general, for most of the 117 models under comparison,
large values of the SNP order (e.g., K = 8) seem to be better than smaller values (e.g., K = 3) in terms
of AIC and SIC, indicating the prevalent departures of {z;} from the normality. On the other hand, the
different AR orders L = 1,2, or 3 make less difference in AIC or SIC, indicating the less prevalent departures
of {z;} from the IID-ness across the various density forecast models. For instance, the reality check test
based on AR(3)-SNP(8) is more powerful than the test based on AR(3)-SNP(3), while AR(3)-SNP(8) and
AR(1)-SNP(8) give somewhat similar results. This may be consistent with our empirical findings that the
choice of the distributional models is much more important than the choice of the volatility models. Once a
right distribution has been chosen, a simple GARCH model may be as good as more complicated volatility
models. Therefore, in reporting our results for all 117 models, we choose L = 3 for the AR model in (7) and
K = 8 for the SNP model in (8).

The estimated out-of-sample KLIC (15) and its censored versions as defined from (10) with four different
values of 7, each corresponding to o = 1.00,0.10,0.05, and 0.01, are reported in Panels A, B, C, and D for
each of Tables 1 and 2. Note that in these tables a smaller value of the first number of each cell indicates
a lower sample loss and hence a better density forecast model from a pair of volatility and distribution.
The larger reality check p-values (the second or the third numbers of each cell), the better density the
forecast model corresponding to the cell, as we fail to reject the null hypothesis that the other remaining 116
competing models is no better than this model (the benchmark model). (In general, a low sample loss should
indicate a high reality check p-value, but this correlation is not perfect since the testing not only depends

on the point value of the loss differential, but also its variance.)

4.1 Results on S&P500

In Table 1 the reality check results for the S&P500 data with the 100%, 10%, 5%, and 1% tails presented
through Panels A-D.

The best specification in Panel A for a = 1.00 is obtained by the model of DG+GJR where the loss is
0.0003 and the p-values of White (2000) and Hansen (2001) are 1.000 and 0.977, respectively. As discussed
in Section 2.4, the sample loss values I (¢ : ¥y, 0y r) greater than 0.0058 (at 10% level), 0.0066 (at 5%
level), and 0.0081 (at 1% level) would indicate inadequacy of the density forecast. For Normal, Student-t,
DW, MN, DG, and Sargan, there are several volatility models that give adequate density forecast models.
All the other distributions (HS, GED, Laplace, Skewed-t, Hansen-t, Skewed GED, IHS) do not provide any
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adequate density forecast models in combination with any of the volatility models. Laplace, Skewed-t, and
Hansen-t are the weakest distribution specifications for the whole distribution.

The results for the 10% tail of the S&P500 returns presented in Panel B show that Hansen-t with
APARCH, EGARCH, HYAPARCH, GJR, and HYGARCH are clearly among the best models, with large
reality check p-values. All the remaining models are clearly dominated by these models as indicated by the
small reality check p-values of those models. Skewed-t is the second best distributional model. However, no
model may be considered as adequate because even the best model has I_k(go D Uk, 9k,R) = 0.0120 that is
larger than 0.0081.

In Panel C, the results on S&P500 for the 5% tail, Hansen-t with HYGARCH attains the smallest
loss, followed by Hansen-t with GJR. These two models has the sample-averaged loss smaller than 0.0058,
indicating their adequacy as a density forecast model. All the other alternative models are not adequate,
with very low reality check p-values and the large loss values.

For the 1% tail (Panel D), Hansen-¢ generates again the best density forecast model in combination with
most volatility models considered. Sargan may be the next to Hansen-t. Perhaps surprisingly, many more
distributions (for the 1% tail than for 5% and 10% tails) turn out to be adequate as the loss values are
small and the reality check p-values are large. For HS, Laplace, Skewed-t, Hansen-t, MN, DG, and Sargan,
at least 8 out of 9 volatility models produce the adequate density forecast models (with the loss values
smaller than 0.0081). The worst distribution model for the 1% tail is Normal, which does not produce any
adequate density forecast model with any combination of the nine volatility models. We also note that
the distributional model exhibits much more robust performance across the different combinations with the
volatility models than the other way around. That is, a good volatility model for some distributional model
can often become a very bad choice with other distributional model. Once a good distributional model has
been chosen, the choice of the volatility model may not be important. Hence the distribution choice is much

more important than the volatility choice.

4.2 Results on NASDAQ

In Table 2, the results for the 100%, 10%, 5%, and 1% tails of the NASDAQ daily returns are presented in
Panels A-D.

In Panel A (for the 100% tail or for the whole distribution), the best density forecast model is DG+GJR
where the loss is 0.0002 with White = 0.991 and Hansen = 0.856. For DG and GED, there are a couple of
volatility models that give adequate density forecast models. All the other distributions do not provide any
adequate density forecast models in combination with any of the volatility models. Hansen-t is the weakest

distribution specifications for the whole distribution.

20



For the 10% tail, Hansen-t with GARCH specification produces the best performance. None of the other
distribution and volatility specifications produce adequate density forecasts.

When we turn to the 5% tail, as in the case of S&P500, the best pairs of distribution and volatility
specification are Hansen-t with GARCH, GJR, APARCH, HYGARCH, HYAPARCH, EGARCH. Hansen-t
is clearly the best distributional model with robust performance with many different volatility specifications.
The weakest volatility specification appears to be EWMA. All the other distribution specifications produced
rather weak predictive power for this tail. Weak performance of Normal distribution is also evident.

Finally, when we move to the 1% tail, a clear advantage of Hansen-t is distribution is still observed. In
eight of nine volatility models, Hansen-t produced the best predictive power. This distribution is followed
by MN, DG, Skewed-t, Sargan, and Laplace. Weakness of Normal and HS distributions is also evident for
NASDAQ return tails. Similar observations to those for S&P500 may also be found in NASDAQ — once a
good distributional model has been chosen, the choice of the simple volatility model such as GARCH may

be as good as any other complicated volatility models.

4.3 Summary

The main findings for S&P500 and NASDAQ are more or less the same. In terms of the tail density forecast,
a larger number of density forecast models turn out to be adequate for the 1% tail density forecast, than
for the 5% tail density forecast or for the 10% tail density forecast. For the whole return distributions of
S&P500 and NASDAQ, DG and Normal produce the best density forecast models and Hansen-t is the worst.
For tails however, the opposite has been observed. Hansen-t generally produces the best tail density forecast
models together with most volatility specifications considered, while Normal is the worst.

Once a good distribution is chosen, the choice of the volatility model may be secondary particularly for
the tail density forecasting. For the tail density forecast, if Hansen-t is chosen, a more complex volatility
model than the standard GARCH model may not be necessary. This is more strongly observed for a more
extreme tail (i.e., more so for the 1% tail than for the 5% tail, even more than the 10% tail). For the whole
return distribution, however, the choice of the volatility may be important as only a few volatility models
are shown to be adequate for the best choice of the distributional model. Therefore, perhaps to the contrary
to some common perception, these results show that it is more difficult to come up with a good density
forecast model for the entire return distribution than for the tails.

We summarize our findings now.

1. In terms of the density forecasts, the choice of conditional distribution is more important than the

choice of conditional volatility models. Given a fixed volatility model, the variation in the sample loss
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values as well as the reality check p-values across various distribution models are much bigger compared

with the variation across volatility models given a fixed distribution model.

. For tails and both in S&P500 and NASDAQ, Hansen-t appears to be the best distribution for the 10%,

5%, and 1% tails.

. For modeling the whole return distribution, on average, Double Gamma distribution appears to be the

best choice among other alternatives. Unlike its success on the tails, performance of Hansen-t appears

to be the weakest for modeling the whole distribution.

. The consistent success of Hansen-t distribution for tails, regardless of the volatility choice, indicates the

existence of skewness and fat-tailedness in both S&P500 and NASDAQ return series. The results are

similar for these two data sets. However, Hansen-t was very weak for modeling the whole distribution.

. There are several lessons for the practitioners and academics. First, the commonly used Normal dis-

tribution is not capable of generating adequate tail density forecast models. Second, along the lines
of Poon and Granger’s (2003) findings, volatility forecasting can be made better if the underlying
conditional distribution is chosen rigorously. Third, without explicitly taking into account of fat tails
and conditional skewness, modeling tails and risk forecasting can not be conducted in an adequate
accuracy. Relative success of Hansen-t and other skewed distributions on modeling the return distribu-
tions of S&P500 and NASDAQ is a clear indication of this finding. In addition, very poor performance
of Normal and HS regardless of the choice of volatility constitutes another reason why special care is

required to model tails for risk forecasting purposes.

Conclusions

In this paper we propose a new method to compare various possibly misspecified density forecast models. We

use the minimum Kullback-Leibler Information Criterion (KLIC) divergence measure between a candidate

model and the true model. We use the flexible SNP density to construct the LR statistics, generalizing the

LR statistics of Berkowitz (2001) for density forecast evaluation without assuming normality. To compare

the performance of density forecast models in the tails, we also use a censored LR statistic to estimate the

tail minimum KLIC.

Our empirical findings based on the daily S&P500 and NASDAQ return series confirm the recent evidence

on fat-tailedness and asymmetry in financial return distributions. Hansen-t, a distribution that captures these

two properties, appears to produce the best density forecast in tails. Another important finding of this paper

is that successful density forecast depends much more heavily on the choice of distributional model than the
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choice of volatility model. This finding may be related to why the vast of volatility forecasting studies in the
literature may be inconclusive in ranking the volatility models.

A model that provides superior density forecasts for the whole distribution does not necessarily meet the
needs of risk managers who care much more about the tails. Related to this issue, we have found, modeling
the whole return distribution and the tails of the return distribution can not be easily accomplished with
the same density forecast models. Besides, the weak performance of Normal and Historical distributions
questions their wide use in financial modeling, including the VaR measures used by practitioners.

The method developed in this paper can be used to compare alternative credit risk models and to compare

density forecasts of portfolio of assets, which we leave for future study.
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APPENDIX A: Parametric Distributions

In the following, f (z;0,) with parameter(s) 64, if any, is the standardized density function of the stan-
dardized residuals {z;} . We use ¢ (z) (with corresponding CDF @ (z))

2
6(5) = = (- )
and g (- | v) (with corresponding CDF G (z | v))
_reg) 2\ F
g(z|v)= T () \/—W—V<1+7>

to denote the distribution function of a standard normal and a Student ¢ distribution with degrees of
freedom v, respectively. Also, v (a,x) = foz e~ !t 1dt is the lower incomplete gamma function, I (a,2) =

f;oo e~'t?~1dt is the upper incomplete gamma function, I' (a) = v (a,x) + I (a, ) is the complete gamma

function, and erf (z) = % [ exp (—t?) dt is the error function.
Symmetric Distribution

1. Gaussian Normal
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4. Double Exponential / Laplace

1
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Asymmetric Distributions
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where £ > 0, v > 2, I = 1(z>-m/s), m = T[(v—-1)/2]\/(v—2)/7n({—1/&) /T (v/2), s =
V(€2 +1/€2 — 1) —m?, v exists if v > 3 and 2 exists if v > 4.

7. Hansen ¢
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E|z| 2G 2 s 77)} — 4 S e
z -
a0y | 21?02 [0 )]
2G 1+,\\/7 | n) } b+ B0T) ifA>0

2a% — 3a (1+3X2%)  16cA (n—2)° (1+2?)

= B ) 37
" B T no-ae "
_ 6a®(143)) ~3a’  3(n—2) (1+ 100245\  Gdach (n 2)* (1 +?) )
" b (n— 1) m-Dm-3)s
where n >2,1>A> -1, a=4\c(n—2)/(n—1),*=1+3\2-a? c=T((n+1)/2) /[\/7(n—2)

T (n/2)], and 7, exists if n > 4.
8. Skewed GED

cexp (—wi |z —68F) ifz<6
f(zk,A) = A
cexp ( —wa |z — 9| ifz>46
A=MT(1/k, wi(6—2)* .
F(zkA) = { (?f(&/)k)(l/k )( 5)") e
5y Tvy _ +A)y , wo(2— . )
% + ST ifz2>6
— — 2al'(1/k 1/k . —
B
Fo@ = 10) |1 (1 2(e=152)ra/k) Ve 1-)
S+ e T if o> =52
]E| | C(*A17B1+Cl) if6<o0
z C(—A2+B2+02) if6>0"
AN (1+ M%) T (4/k) 5
mno= Sram X
14+ 10A2 +5X*") T (5/k)  16A6 (14 A%) T (4/k
Yo = (L+ -5\ (/)+ (1+A%) (/)+662+364—3,
¢1T (1/k) ¢*I' (1/k)

where £ >0, 1 > A > —1,

ke T (3/k)

= ram =N Tam 0= M
_ T ane A— — L2/k)
s = V1+3X2 44202, A= TG
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(1=NF (1+))
P R ]
1 — L )
. wy* [0 (2) -1 (% (—6)" w ) + wi/* (kF (1+1) -1 (%, (—9) wz))}
1 = )
k
wy % [T (2) + kow/*T (1+ 1)]
Cl = = % - — B17
w0 (2) = ksw!/*T (14 1)]
A2 = = % - — B27
L e @) T @) ben (T (14 4) T (1 0w))|
2 = )
k
g [T (3) + boul/ T (14 )]
Cy = - :
k
9. Inverse Hyperbolic Sine
f(zN6) = ° exp <_ [sinh ™" (25 +p1) — A]2>
) ) - 2 Y
\/27T [(ZS +u)° + 1] 62 #
o1
F(zrs) — @ (smh (sz—i— ) — )\) 7
Fl(a) = sinh [)\ + 61 (a)] — i
8 b

i = o ()i e (252) (53]

w2 (w —1)? [w (w + 2) sinh(3)) + 3sinh ()]
443
(w—1)> [w? (w* + 2w® + 3w? — 3) cosh (4X) + 4w? (w + 2) cosh (2X) + 3 (2w + 1)]

T2 = Rg4

_37

where § > 0, = w'/?sinh (\), s = \/(w — 1) [weosh (2X) + 1] /2, w = exp (62) . Note that

eI —X

sinh (z) = %, sinh™! (z) = In (x +VvaZ+ 1) , cosh(z) =

10. Mixture of Normals

exp

—(z—m)” 1 —(z—m)”
20.2 +p2 \/m exp 20_% 9

) (52).

El:| = \/—plalexp( - )/\/_+\/_pgogexp< “2>/\/E

2 2
—2p1 1 ® ( ) — 2 p1p® ( "2) :
g1 g9
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f(zpi,p,00) = ;i
\/27r(71

F(z;p1,p1,01) = p1<1>(




v = p1(3uror+pf) +p2 (Bueos + 43),
v2 = p1(6uiot + pi +307) + pa (6u303 + iz + 303) — 3,
where pa, p2, and o are determined through the constraints p; +p2 = 1, p1 > 0, p2 > 0, Z?Zl pip; =0,

and 37, p; (12 + 0?) = 1. As for the inverse CDF function F~! (a), there is no closed-form solution,
but numerical inversion is always possible since F' (z; p1, pt1,01) is monotonic in z.

11. Double Gamma

(1;(;2A)$1 |Z|(Ot1—1) exp (_Al |Z|) if 2 S 0
flza,0np) = PAT? (1) if
T(az)? exp (—A22) ifz>0
(1—p)1“(a —\12) if2<0
F(z — T(a1) 1 1 <
(Zaa17a2)p) { 1—p+%r(a2’)\22) ifZ>0 9
—1 -1 (aly%o;l)) /A1 ifa<l—p
ol = 1 (. (akp=1)(an) . -
I Q9, P />\2 if >1 P
I+ 1-p)T(1+
Elz| = pA(F a2)  (A—p)I( a1)7
ol (a2) M (ar)
)\%F (052) )\113]_" (al) 9
_ Pl(+ay) (1-pl{d+a)
" AT (a2) NT (1) ,

where 1 > p >0, a3 > 0, as > 0,

_ pagA B (a1 +1)as (1 —p)
Al—ﬁ, )\2—\/0[2(1—]9)[ 1 poj —|—(a2+1):|.

12. Gram-Charlier / Edgeworth-Sargan Density

i) = [1+2H () + BH ()]s,
22— 5 (23 — 3z
Flamm) = #()-6() [“(6 L, 3)],

o 2 Y2 1
Blel = -3V

where 4 > vo > 0, /Y >y > ~f, H3(2) = 2 — 32, Hy(2) = 2* — 622 + 3. As for the inverse
CDF function F~! (a), there is no closed-form solution, and numerical inversion can in general give
multiple solutions since F' (z;p1, 41, 01) is not guaranteed to be monotonic in z. However, as long as
the positiveness constraint on f4 (z;71,72) is imposed and the grids over the domain of admissible 7,
and 7 are fine enough, F (2;p1, i1, 01) should be almost monotonic in z and hence numerical inversion
is possible.
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APPENDIX B: Volatility Specification

In the following, in some cases we use a (L) = > %, o, L*, (L) = ?:1 B; L7, where L is the backshift
operator. Similarly, ¢ (L) is a polynomial in L.

1. EWMA ) ) )
op = Ao+ (1= A (Ye—1 — fue)",

where A = 0.94 and fi; = 5 22;11 Ye—j-

2. GARCH(p, q)
q p
o} = w+ Zaﬁ%ﬂ‘ + Zﬁjaf,j,
i=1 j=1

P q
w > 0,020, 8>0, Y Bi+> a;<1.

i=1 j=1

3. GJR(p, 9)

q p
of = wH Y (ael;+@iSiigi;) + Y Bior

i=1 j=1
1 ifey <0
0 if Et—i > (I

w > 0, 3;>0, o +¢; >0.

Si—i =

4. APARCH(p, q)

of = w+t Zq:az‘ (ler—il — i) + Zp:gjaffj,
w > 0, 6::>10, aj >0, 1>901->—71:,16>0.
5. EGARCH(p, q)
o7 =w+[1=B(L)] " [L+a(L)]lprzi1 + @2 (|2e-1] = Elzi1])].-
6. STGARCH(p, q)

p q
O't2 =w + Zﬁia?ﬁi —+ Z [041]'5?7]- —+ Ckgjgfij (Etfd)] s
i=1 j=1

1
F _ = — =
A e R

1
w>0, 5 >0, 041j>5042j>0, @ > 0.

7. FIGARCH(p,d,q) / HYGARCH(p, d, q)

Bollerslev and Mikkelsen (1996) introduced a FIGARCH model as follows (by setting x = 1, where &
is an additional parameter for its generalization HY GARCH)

ot =wl=BW] "+ (1-1-8@) e {1+ |0 -0 -1]})
—wl-BL] + -8 ML)
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If we rewrite ¢ (L) = 1—¢* (L) (note that the definition of ¢ (L) = (1 — a (L) — B (L)) (1 — L)' implies
that it has a constant term), we have

ML) =1-8(L) (1 =¢ (L) {1+x [0 - L) ~1]}
:176(L)7175[(17L)d71]+¢*(L)+¢*(L)n{(17L)d71}
= —B(L)+¢" (D)~ |[1-D)' = 1] +¢" (D)r |01 - 1) - 1],

where

d, k=1
(1-L 71—25141; 5k—{(’€_;d>5 k>2

k—1,

Hence we have

ML) = =B (L) +¢" ( wZékLk ko™ (L) D 6 L*
= k=1

B+ (D) - kYA kS G
k=1 k=1
where
0 k=1
=9 Lioi Ok k=2-,q+1
321 quék_j k>q+1
Therefore, we can define a HYGARCH(p, d, ¢) model as

of =w+B(L)of + ¢*(L)—ﬁ(L)+ZmL’“ £

q

p
T =k (65 —6k), B(L) =D BiL', ¢*(L)=>_ ¢;L .
i=1

j=1
The parameters are 8, = (w,ﬁ, 0" K, d)/ . For a HYGARCH(1, d, 1) model, the following constraints
are sufficient for positiveness of 02 : ¢* — 3+ kd > 0, ¢* <0, >0, w > 0.
. FIAPARCH(p, d, q) / HYAPARCH(p, d, q)

o =wt (1= 6@ {1+ |- D)= 1]}) el = p21)’

which can be rewritten as

o) =w" + 8 (L)o} +

¢* Zka

where ¢* (L), B(L), and 7, are defined in FIGARCH/HYGARCH. The parameters are 6, = (w*, 3,
", p, k,d, §). Fora HYAPARCH(1, d, 1) model, the following constraints are sufficient for positiveness
of o2 :1>p>-1,6§>0,¢0"—B+kd>0,0"<0,3>0,w" >0.

. CGARCH(1,1)

‘€t| - ngt) ’

o7 =+ B (071 — Qi) +a(efo; — Q1)
Q :W+PQt—1+¢(5§—1 —0752_1),
1>p>08+a>0,>¢>0, a>0, w>0,

where ; is the long-run volatility.
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Table 1: Reality Check Results for S&P500
Panel D: 1% Tail

EWMA GARCH GJR APARCH EGARCH STGARCH HYGARCH HYAPARCH CGARCH
Historical 0.0021 00050  0.0049  0.0039 00044  0.0155 0.0077 0.0039 0.0051
0935 0.609 0.630 0781 0.697 0.289 0.435 0.780 0.604
0.693 0.159 0207 0.424 0.296 0.014 0.066 0.423 0.153
Normal 00102 00122 00103 00102 00108 00121 0.0120 0.0101 0.0106
0362 0325 0358 0358 0.348 0.324 0.329 0.363 0.360
0.015  0.004 0.007  0.006 0.004 0.006 0.004 0.007 0.006
Student 1 0.0079  0.0071 00095 00099 0009  0.0098 0.0075 0.0099 0.0071
0418 0443 0374 0365 0.371 0.367 0.424 0.365 0.442
0.038  0.048 0.015  0.007 0.013 0.012 0.032 0.007 0.048
GED 0.0071 00104 00092 00095  0.0093 0.0094 0.0074 0.0103 0.0070
0.451 0.361 0379 0370 0.378 0.376 0.430 0.358 0.448
0.043 0.005 0.010  0.009 0.013 0.015 0.031 0.008 0.041
Laplace 0.0005 00037  0.0073 00065 00058  0.0032 0.0066 0.0058 0.0066
0998 0795 0440 0517 0.548 0.860 0.494 0.547 0.484
0926 0391 0.048  0.104 0.115 0.498 0.117 0.112 0.102
Double Weibull ~ 0.0072  0.0073  0.0093  0.0091  0.0093 0.0079 0.0067 0.0094 0.0066
0438 0.446 0376 0382 0.380 0.417 0.462 0.378 0.478
0.046  0.062 0.010 0012 0.010 0.033 0.056 0.010 0.051
Skewed ¢ 0.0080  0.0047 00033 00034 00034 09100 0.0049 0.0038 0.0042
0456 0.636 0.828  0.820 0.827 0.000 0.616 0.770 0.719
0100 0220 0487 0481 0.490 0.000 0.210 0.394 0.350
Hansen ¢ 0.0087  0.0013  0.0000  0.0000 00000  0.0013 0.0000 0.0000 0.0013
0.401 0.956 1.000 1.000 1.000 0.956 1.000 1.000 0.956
0.041 0.763 0943 0943 0.943 0.767 0.943 0.943 0.768
Skewed GED  0.0069  0.0065  0.0098  0.0103  0.0084 10374 0.0066 0.0083 0.0038
0.451 0.484 0365 0363 0.404 0.000 0.480 0.410 0.715
0.042  0.054 0.009  0.016 0.020 0.000 0.052 0.017 0.369
IHS 0.0074 00067  0.0085  0.0080  0.0083 0.0069 0.0066 0.0081 0.0075
0432 0472 0399 0417 0414 0.458 0.473 0.417 0.443
0.046  0.062 0.016  0.026 0.022 0.055 0.062 0.026 0.074
Mixture 0.0066  0.0059 00069 00069  0.0073 0.0075 0.0066 0.0065 0.0066
0.481 0.522 0467 0.468 0.440 0.428 0.497 0.493 0.484
0.109  0.091 0.058  0.058 0.034 0.037 0.121 0.069 0.095
Double Gamma ~ 0.0070  0.0061  0.0078 ~ 0.0069  0.0074  0.0062 0.0062 0.0044 0.0057
0448 0.499 0.421 0.452 0.442 0.497 0.509 0.713 0.536
0.055  0.066 0032 0.040 0.042 0.072 0.091 0.307 0.101
sargan 0.0000  0.0000  0.0014 00187 00015  0.0000 0.0118 0.0101 0.0049
1.000 1.000 0.951 0.217 0.935 1.000 0.334 0.363 0.654
0.943 0.943 0767 0.000 0.765 0.943 0.005 0.007 0.338

Notes: 1. For each combination of distribution and volatility, the first number is the sample averaged loss, the second and the third numbers are the reality
check p-values of White’s (2000) test and Hansen’s (2001) test, respectively. Each model from a combination of distribution and volatility is
regarded as a benchmark model and is compared with the remaining 116 models from different combinations.

2. We retrieve the S&P500 returns series from finance.yahoo.com. The sample observations are from January 3, 1990 to June 30, 2003 (7 = 3303),
the in-sample observations are from January 3, 1990 to September 24, 1996 (R = 1703), and the out-of-sample observations are from September
25,1996 to June 30, 2003 (n = 1700).

3. We use an MA(1) model, without a constant, for the mean, under rolling scheme. The loss is based on an AR(3)-SNP(8) model for the
transformed PITs {x,}.



