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Abstract
Smooth-transition autoregressive (STAR) models have proven to be
worthy competitors of Markov switching models of regime shifts, but
the assumption of a time-invariant threshold level does not seem re-
alistic and it holds back this class of models from reaching their po-
tential usefulness. Indeed, an estimate of a time-varying threshold
level of unemployment, for example, might serve as a meaningful es-
timate of the natural rate of unemployment. More precisely, within a
STAR framework, one might call the time-varying threshold the “tip-
ping level” rate of unemployment, at which the mean and dynamics
of the unemployment rate shift. In addition, once the threshold level
is allowed to be time-varying, one can add an error-correction term—
between the lagged level of unemployment and the lagged threshold
level—to the autoregressive terms in the STAR model. In this way, the
time-varying latent threshold level serves dual roles: as a demarcation
between regimes and as part of an error-correction term.

Keywords: Regime switching, smooth-transition autoregressive model,
unemployment, nonlinear models.
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1 Introduction

Our starting point in modeling the rate of unemployment is the contem-
poraneous smooth-transition autoregressive model from Dueker, Sola and
Spagnolo (2007), which weights the two regimes by the ex ante probability
that the unemployment rate will be below/above the contemporaneous value
of the threshold:

P (yt < y∗t | It−1,Θ0)

and
P (yt ≥ y∗t | It−1,Θ1),

where Θ0 and Θ1 are the parameters that pertain to the two regimes and the
respective regime weights are

P0t =
P (yt < y∗t | It−1,Θ0)

P (yt < y∗t | It−1,Θ0) + P (yt ≥ y∗t | It−1,Θ1)
(1)

P1t =
P (yt ≥ y∗t | It−1,Θ1)

P (yt < y∗t | It−1,Θ0) + P (yt ≥ y∗t | It−1,Θ1)
(2)

Note that P0t + P1t = 1 this way.
With the time-varying threshold comes the possibility of adding an error-

correction term to a STAR model:

yt = P0t[µ0 +
p∑
i=1

Φ
(i)
0 yt−i + Γ0(yt−1 − y∗t−1)] +

P1t[µ1 +
p∑
i=1

Φ
(i)
1 yt−i + Γ1(yt−1 − y∗t−1)] + εt

(4)

We model the time-varying threshold level of the unemployment rate as
an autoregressive process, although the coefficient θ could be close to one to
accommodate a high level of persistence in the threshold level:

y∗t = λ+ θy∗t−1 + wt (5)
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The threshold is endogenous in that its innovation is correlated with the
shocks to the observable data:

Cov(εt, wt) 6= 0.

and the regime-specific covariance matrices are denoted Ω0 and Ω1.

Estimation algorithm for the endogenous, time-

varying threshold model

Because the vector of latent thresholds enters the regime weights, P0t and
P1t, the model cannot be estimated by maximum likelihood. Nor is it pos-
sible to derive exact conditional distributions for Gibbs sampling. Instead,
a Metropolis-Hastings algorithm is needed for Bayesian estimation of this
model. The key is to have a good, yet tractable, proposal draw for the latent
threshold series, {y∗t }Tt=1.

The parameter groupings for Markov Chain Monte Carlo estimation of
the model are:

{y∗t }Tt=1 latent threshold series ∼ M-H draw, unscented Kalman filter proposal

φ, ρ, µ, γ, λ, θ regression coeffs. ∼ M-H draw Normal proposal

Ω0,Ω1 cov. matrices ∼ inverted Wishart

Estimation results for U.S. unemployment

We applied the model to the U.S. unemployment rate since 1968. Figure
1 shows the relationship we found between the unemployment rate and the
estimated time-varying threshold level. We also include out-of-sample fore-
casts of both the unemployment rate and the threshold level. Starting from
November 2008, when the unemployment rate was 6.7 percent, the STAR
model predicts that the unemployment rate would reach 7.5 percent at its
peak in November 2009. This projected peak seems low, but it is important
to bear in mind that this forecast is coming from a univariate model of the
unemployment rate. With additional information about the current state of
the business cycle, the model should be able to provide accurate forecasts
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of unemployment and keep the interesting self-referential unemployment dy-
namics captured by the model.

Appendix: analysis using the unscented Kalman

filter

We can rewrite the model in the preceding section in a state space represen-
tation

yt = Hzt + εt,

zt = α + g(zt−1) + ut (6)

where the nonlinear function g(.) contains the cumulative density weighting
function Pat.

Given this state-space representation, inferred values for the latent vari-
able zt can be obtained from the unscented Kalman filter (UKF). The UKF
is a nonlinear filter that serves as an alternative to the extended Kalman
filter, which uses first-order Taylor-series approximations to any nonlinear
functions in the measurement and transition equations. The UKF tracks
the state variable by computing its distribution across a set of deterministic
points called sigma points.

We begin with a set of initial values. We then augment the mean with
the expectation of the transition noise

zat−1|t−1 =

[
zt−1|t−1

E [ut]

]

and augment the state covariance

P a
t−1|t−1 =

[
Pt−1|t−1 0N,N

0N,N IN

]
,

where
st−1|t−1 and Pt−1|t−1 are the estimates of the state and its covariance

matrix at time t− 1. Our task is to construct a set of 2L + 1 sigma points,

4



where L is the dimension of sat−1|t−1. Let

χpt−1|t−1 =


zat−1|t−1 , for p = 0

zat−1|t−1 +
(√

(L+ λ)P a
t−1|t−1

)
i

, for p = 1, ..., L

zat−1|t−1 −
(√

(L+ λ)P a
t−1|t−1

)
i−L

, for p = L+ 1, ..., 2L

define the initial sigma points, where λ = a2 (L+ κ) − L, and a and κ are
user-chosen parameters that govern the spread and scale, repsectively. Here,(√

X
)
i

is the ith column of the lower triangular Cholesky factorization of

the square marix X. Given the set of initial sigma points, we can then
propagate

{
χpt−1|t−1

}
through the transition function g (.) to recover

χpt|t−1 = g
(
χpt−1|t−1

)
, for p = 0, ..., 2L.

The predicted states and covariances can then be extrapolated from a
weighted sum of the propagated sigma points

ẑt|t−1 =
2L∑
p=0

wpsχ
p
t|t−1

and

Pt|t−1 =
2L∑
p=0

wpc
[
χpt|t−1 − ẑt|t−1

] [
χpt|t−1 − ẑt|t−1

]′
.

The weights are defined as

wps =

{
λ

L+λ
, for p = 0

1
2(L+λ)

, for p = 1, ..., 2L

and

wpc =

{
λ

L+λ
+ (1− a2 + b) , for p = 0

1
2(L+λ)

, for p = 1, ..., 2L
,

where a is defined as above and b is a parameter that incorporates prior
information of the distribution.
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Filter recursions

The updating step proceeds in a similar manner. We can augment the
predicted state and covariance with the expectation and covariance of the
measurement noise

zat|t−1 =

[
ẑt|t−1

vt

]

and

P a
t|t−1 =

[
Pt|t−1 0n,n
0n,n Ω

]
,

where Ω is the covariance of the measurement noise. We again compute
2L+ 1 sigma points from

χ̂pt|t−1 =


zat|t−1 , for p = 0

zat|t−1 +
(√

(L+ λ)P a
t|t−1

)
i

, for p = 1, ..., L

zat|t−1 −
(√

(L+ λ)P a
t|t−1

)
i−L

, for p = L+ 1, ..., 2L

.

We then propagate the update sigma points through the measurement
equation:

γpt|t = Hχ̂pt|t−1, p = 0, ..., 2L.

The updated propagation points, γpt|t, are used to construct the predicted
measurement error

ŷt =
2L∑
p=0

wpsγ
p
t|t,

where the weights are defined as before. We then form the updated state
similar to the standard Kalman filter

ẑt|t = ẑt|t−1 +Kt (yt − ŷt) ,

where Kt is the Kalman gain defined by

Kt = PyzP
−1
yy .
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Here, Pyz defines the cross-covariance

Pyz =
2L∑
p=0

wpc
[
χpt|t−1 − ẑt|t−1

] [
γpt|t − ŷt

]′
and Pyy is the predicted covariance

Pyy =
2L∑
p=0

wpc
[
γpt|t − ŷt

] [
γpt|t − ŷt

]′
.

The updated covariance is defined by

Pt|t = Pt|t−1 −KtPyyK
′
t.

Smoothing

Multi-move sampling of the latent attractor, {s∗}Tt=1, requires backwards
sampling from one-period smoothed inferences of the state vector.

Here the unscented Rauch-Tung-Striebel smoother comes into play. The
URTS smoother (Sarkka, 2007) begins by augmenting the unscented Kalman
filter with a smoothing step that recomputes the state estimate. The
smoothed state is

ẑst = ẑt +Dt

[
ẑst+1 − ẑt+1|t

]
and

with covariance matrix

P s
t = Pt +Dt

[
P s
t+1 − Pt+1|t

]
D′t,

where Dt is the smoother gain defined by

Dt = Pzt,zt+1P
−1
t+1|t,

where

Pzt,zt+1 =
2L∑
p=0

wpc
[
χpt+1|t − ẑt+1|t

] [
χpt|t − ẑt|t

]′
,

with

χt|t = χt|t−1 +Kt(yt − ŷt|t−1).
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Unemployment rate and latent threshold level with out-of-
sample forecasts
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