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udolf Carnap was a remarkably productive thinker and writer, making contri-
utions on a variety of philosophical topics. As aresult, he is a different philoso-
her for different audiences: For the general public (insofar as it knows him), he
s the author of Sckeinprobleme in der Philosophie (1928a), Wissenschaftliche
Weltauffassung (Hahn, Neurath & Carnap 1929), and “Uberwindung der
etaphysik durch logische Analyse der Sprache™ (1932), thus a prototypical
ositivist and anti-metaphysician; for philosophers of science he is the author of
Testability and Meaning” (1936-37), Logical Foundations of Probability
1950a), and Philosophical Foundations of Physics (1966), so a main contri-
utor to the conceptual foundations of science and inductive logic; for philoso-
hers of language, in turn, he is the author of Introduzcrion to Semantics (1942),
eaning and Necessity {1947}, and “Empiricism, Semantics, and Ontology™
1950b), an early and meain supporter of Tarskian semantics, as well as a pioneer
tthe study of intensional and modal logic; for historians of analytic philoso-
hy, finally, he is the author of Der Rawm (1922a), Der logische Aufbau der Welt
1928b}, and Logische Syntax der Sprache (1934), someone initially influenced
¥ neo-Kantianism, then enthusiastically embracing the new logical-construc-
onist approach of Russell, and instrumental in establishing scientific or ana-
ytic philosophy as a separate school, first in Vienna and then in the US.

. In this paper I want to draw attention to yet another side of Carnap: I want
dtalk about Carnap the logician, where “logic” is meant in the narrow sense of
cductive and mathematical logic. In this area, too, he published a number of
itings over the years: from ddriss der Logistik (1929a), through Foundations

¢Ihave used the original titées and publication dates for Carnap’s works, both here and
elow.
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of Logic and Mathematics (1939) and Formalization of Logic (1943},
Einfiihrung in die symbolische Logik {1954). Moreover, several of the texts me
tioned above are directly connected with deductive logic as well, especially
Logische Syntax der Sprache and Introduction to Semantics. Nevertheless, in
the recent literature on Carnap his contributions to logic are typically not the
center of attention. This has several reasons, some of which ITwill mention later:
But there are also good reasons to reexamine this side of Carnap’s work, as [will
indicate. To keep things manageable, I will not try to cover Carnap’s contrib
tions to logic throughout his career. Instead, I will restrict myself to the period
from Carnap’s student years in Jena, 1911-1914, to around 1930, when his
research turned in a new direction. In other words, my topic will be Carnap’s
views on Jogic before the (later, mature) shape they took in Logisehe Syntax der
Sprache (1934) .2 :
In reexamining Carunap’s contributions to logic from this period, I have
both a historical and a philosophical motive. In terms of history, I want to estab-
lish in what way exactly he was influenced, early on in his career, by several of
the main logicians of his time: above all by Frege and Russell, then also by
Ramsey, Hilbert, Fraenkel, and others. As will become evident, this influence
was direet, profound, and rich. Moreover, it led Carnap to a logical research
project of his own, in the second half of the 1920s, that deserves further atten-
tion. On the philosophical side, I want to aralyze this research project with
respect to its central goals. This will allow me to draw some conclusions about
Carnap’s position in logic and the philosophy of mathematics during that
period, in particular about the sense in which the research project mentioned
constitutes, or was meant as, a contribution to logicism.

It is, of course, well known from Carnap’s intellectual autobiography (Carnap
1963) that he was strongly influenced by Frege and Russell. Let me start by
reviewing sorue of the things he remarks in this connection in his later reflee-
tions.

In Parc 1, §1, of his autobiography, entitled “My Student Years”, Carnap
recalls the beginnings of his relation to Frege as follows:

In 1909 we moved to Jena. From 1910 to 1914 I studied at the
Universities of Jena and Freiburg i. Br. First I concentrated on
philosophy and mathematics; later, physics and philosophy were my
major fields. . . .‘Within the field of philosophy, I was mainly inter-
ested in the theory of knowledge and in the philosophy of science.
O=n the other hand, in the field of logic, lecture courses and books

2. Carnap’s work in logic from this early period has not been discussed much so far. My
own interest in it was stirred up by (Awodey & Carus 2001), The present paper continues
work done in that paper, as well &s in (Awodey & Beck 2002a} and (Awodey & Reck 2002b).
For discussions of Carnap’s views in Logische Syntax der Sprache, see (Goldfarb 1996},
{Friedman 1999), and the references in them.
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by philosophers appeared to me dull and entirely obsolete after I had
become acquainted with a genuine logic through Frege’s lectures.
{Carnap 1963, pp. 3-4)

Half a page later, he comes back to Frege's lectures in more detail:

{TThe most fruitful inspiration I received from university lectures did
not come from those in the field of philosophy proper or mathemat-
ics proper, but rather from the lectures of Frege on the borderlands
between those ficlds, namely, symbolic logic and the foundations of
mathematics.

Gottlob Frege (1848-1925) was at that time, although past 60,
only Professor Extraordinarius (Associate Professor) of mathematics
in Jena. His work was practically unknown in Germany; neither
mathematicians nor philosophers paid any attention to it. It was
obvious that Frege was deeply disappointed and sometimes bitter
about this dead silence. No publishing house was willing to bring out
kis main work, the two volumes of Grundgesetze der Arithmetik; he
had it printed at his own expense. In addition, there was the disap-
pointment over Russell’s discovery of the famous antinomy which
occurs both in Frege’s system and in Cantor’s set theory. I do not
remember that he ever discussed in his lectures the problem of this
antinonry and the question of possible modifications of his system in
order to eliminate it. But from the Appendix of the second volume it
is clear that he was confident that a satisfactory way for overcoming
the difficulty could be found. He did not share the pessimism with
respect to the “foundation crisis” of mathematics sometimes
expressed by other authors.

In the fall of 1910, I attended Frege’s course “Begriffsschrift”
(conceptual notation, ideography), out of curiosity, not knowing any-
thing either of the man or the subject except for a friend’s remark
that somebody had found it interesting. We found a very small pum-
ber of other students there. Frege looked old beyond his years. He
was of small stature, rather shy, extremely introverted. He seldom
iocked at the audience, Ordinarily we saw only his back, while he
drew the strange diagrams of his symbolism on the blackboard
and explained them. Never did a student ask a question or make a
remark, whether during the lecture or afterwards. The possibility of
a discussion seemed to be out of the question.

Towards the end of the semester Frege indicated that the new
logic to which he had introduced us could serve for the construction
of the whole of mathematics. This remark aroused our curiosity.

In the summer semester of 1913, my friend and I decided to attend
Frege’s course “Begriffsschrift IL.” This time the entire class con-
sisted of the two of us and s retired major of the army wheo studied
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some of the new ideas in mathematics as a hobby. . . . In this small
group Frege felt more at ease and thawed outa ’oi‘t more. There were
still no questions or discussions. But Frege oecasionally made critical
remarks about other conceptions, sometimes with irony and even
sarcasm. In particular he attacked the formalists, those who declared
that numbers were mere symbols. . .. _

In the advanced course on Begriffsschrift, Frege explained vari-
ous applications, among them some which are not contair.ied in his

publications, e.g., a definition of the continuity of a function, and of
the limit of a function, the distinction between ordinary convergence
and uniform convergence. All these concepts were expressib‘le with
the help of the quantifiers, which appear in his system of logic for the
first time. He gave also a demonstration of the logical mistake in the
ontological proof for the existence of God. - ‘

Although Frege gave quite a nurnber of examples of interesting
applications of his symbolism in mathematics, he usuaﬂy'chd not dis-
cuss general philosophical problems. Itis evident fron? his works that
he saw the great philosophical importance of the new instrument
which he had created, but he did not convey a clear impression of this
1o his students. Thus, although 1 was intensely interested in hi§ Sys-
tem of Jogic, I was not aware at that time of its great philosophical
significance. Only much later, after the first world war, when I r‘ead
Frege’s and Russell’s books with greater attention.., did I recognize
the value of Frege’s work not only for the foundations of mathemat-
ics, but for philosophy in general.

In the summer semester of 1914 1 attended Frege’s course,
Logik in der Mathematik. Here he examined critically some of the
customary conceptions and formulations in mathematics. He‘
deplored the fact that mathematicians did not even seem to aim at
the construction of a unified, well-founded system of mathematics,
and therefore showed a lack of interest in foundations. He pointed
out a certain looseness in the customary formulation of axioms,
definitions, and proofs, even in works of the more prominent mathe-
maticians. (Ibid., pp. 4-6)

As indicated by Carnap, he was not only influenced by Frege through his lec

tuxes, but also through studying his published writings. Here is what he adds,

few pages later, about immersing himself in both Frege's and Russell’s main

works after World War I:

After the war, I lived for a while in Jena, and then in Buchenbach
near Freiburg i. Br. In this period, 1 first passed my exelxminati‘ons,
and then I began my own research in philosophy, first in relative
isolation, but later in contact with Reichenbach and others who
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worked in a similar direction. This period ended in 1926, when I
went to Vienna and joined the Vienna Circle. . ..

Around 1919 I studied the great work Principia Mathernatica by
Whitehead and Russell, to which Frege had sometimes referred in his
lectures, I was strongly impressed by the development of the theory
of relations in this work. The beginnings of a symbolic logic of rela-
tions were also in Frege's system, but in ZM. the theory was devel-
oped in a very comprehensive way and represented by a much more
convenient notation. I began to apply symbolic notation, now more
frequently in the Principia form than in Frege’s, in my own thinking
ahout philosophical problems or in the formulation of axiom sys-
tems. When I constdered a concept or a propoesition occurring in a
scientific or philosophical discussion, I thought that I understood it
clearly only if I felt that I could express it, if [ wanted to, in symbolic
fanguage. I performed the actual symbolization, of course, only in
special cases where it seemed necessary or useful. . . .

[Frege’s] main work, Die Grundgesetze der Arithmetik {2 vols.,
1893 and 1903), 1 studied in 1920. From Frege [ learned carefulness
and clarity in the analysis of concepts and linguistic expressions, the
distinction between expressions and what they stand for, and con-
cerning the latter between what he called “Bedeuzung” (denotation
or nominatum) and what he called “Sinn™ (sense of significatum).
From his analysis I gained the conviction that knowledge in mathe-
matics is analytic in the general sense that it has essentially the same
nature as knowledge of logic. I shall later explain how this view
became more radical and precise, chiefly through the influence of

Wittgenstein. Furthermore the following conception, which derives
essentially from Frege, seemed to me of paramount importance: It is
- the task of logic and of mathematics within the total system of knowl-
edge to supply the forms of concepts, statements, and inferences,
forms which are then applicable everywhere, heuce also to non-logi-
cal knowledge. It follows from these considerations that the nature of
logic and mathematics can be clearly understood only if close atten-
tion is given to their application in non-logical fields, especially in
empirical science. (Ibid., pp. 10-12)

arnap goes on to describe the strong impact that reading Russell’s book Our
nowledge of the External World (1914} had, in 1921, on his general philo-

‘sophical perspective. After that, he comes back to logic:

1 also continued to occupy myself with symbolic logie. Since the
Principia Mathernatica was not easily accessible, Ibegan workon a
textbook in symbolic logic. There was no copy of the Principia in the
University Library in Freiburg. The price of a new copy was out of
reach because of the inflation in Germany. Since my efforts to find a
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Besides his own studies in logic, Carnap also began
with like-minded philosophers. As one result, ;tle,_
soon organized a conference onlogic and its apphcguons. T
place in March 1923, in Erlangen. in his autobiography,
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secondhand copy in England were unsuccessful, I asked Russeil

whether he could help me in finding one. Instead, he sentme along

list containing all the most important definitions 'of Principia, hand-
written by himself, on 35 pages, which Istill cherishasa PI‘lCelGSS‘

possession. In 1924 Lwrote the first version of the later book, Abriss
der Logistik [1929a]. It was based on Principta. Its main purpose was
to give not only a system of symbolic logic, but also to show its ap}‘)h—
cation for the analysis of concepts and the construction of dedactive

systems. (Ibid., p. 14}

briefly as follows:?

Finally, Carnap describes his continued involvement with logic after moving to

Among the participants were Heinrich Behmann, Paul Hertz, and
Kurt Lewin. There were addresses on pure logic, e.g., anew symboi—
ism, the decision probiem, relational structures, and on applied
logic, e.g., the relation between physical objects and sgnse»data, a
theory of knowledge without metaphysics, a COIpATative theory of .
science, the topology of time, and the use of the axiomatic method in

physics. {Ibid., p. 14)

Viennain 1926:

All members of the Vienna Circle had studied at least the elementary
parts of Principia Mathematica. For students of mgthemaﬁcs Hahn
gave a lecture course and a seminar on the foundations of mat}ae—
matics, based on the Principia. When I came to Vienna I continued
these courses for students both of mathematics and of philosophy.

(Ibid., p. 28)

During my time in Vienna two earlier works of mine were comple?ed
and published: Der logische Aufbau der Weir [1928b] and t?le.Abnss
der Logistik [1929a]. Schlick urged me to prepare the Logistik for .
publication because he felt the need for an introduf:uon.to symbolic
logic which emphasized its applications in non-logical fields and _
which thus could also be used in our philosophical work. ... 1 Euse:d in
my book a hierarchy of types, like Russell and Whitehead’s I?rz{zcgma
Mathematica, but in a simplified form. A system with type distine-
Gons seemed to me a more natural form for the total language of sci-
ence. However, ] was also interested in a form of Togic without type
distinetions. In 1927 T had planned alogic system of this form, to be

3. For further background on the Erlangen conference, see (Thiel 1993).

to exchange ideas about it
Reichenbach, and others
his conference took:
Carnap recalls it
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based on the Zermelo-Fraenkel axiom system of set theory, but
restricted in the sense of a constructivist method. However, I did not
find the time to carry out this plan. In my fater book, Logical Syntax,
Iagain used a language with types. (Ibid., p. 32)

Many points are quite interesting in these reflections by Carnap for our pur-
poses, especially the following three: First, there is the coincidence that
Carnap, as one of a few people, found his way into Frege’s lectures on logic “out
= of curiosity, not knowing anything either of the man or the subject except a
friend’s remark that somebody had found it interesting.” As we saw, Carnap
‘-attended three of Frege’s courses while a student at Jena: “Begriffsschrift 17 in
1911, “Begriffsschrift II” in 1913, and “Logik in der Mathematik” in 1914. He
was, thus, exposed to modern mathematical logic long before any textbooks on
thecame available —one of the first such textbooks would be his own Adriss der
Logistike (Carnap 1929a)—and right around the time when Principic Mathe-
matica, the most influential text in twentieth century logic, appeared in print
*. (Whitehead & Russell 1910-13). Later, in 1919-1920, he returned to studying
Frege's and Russell’s published writings carefully and in detail.* Second, it is
remarkable that Carnap, intent on working his way through Whitehead &
Russell’s Principia but unable to obtain a copy, wrote to Russell directly in
1922. Moreover, Russell responded, with a handwritten 35-page letter in which
he simply sumnarized, or excerpted, his magnus opum for hire. As a third
point, note that, after making personal contact with both Frege and Russell and
after studying their main works thoroughly, Carnap initiated further discus-
sions gbout logic with other like-minded thinkers, including organizing the
conference in Erlangen in 1923, He also soon embarked on writing a textbook
onlogic himself: dériss der Logistik (first version 1924). Finally, with respect to
the main logical topics of interest to Carnap during this period he lists the fol-
“lowing: simple type theory, seen as a logical framework not only for mathe-
~matics, but for “the total system of knowledge™; the decision problem;
~refational structures; and the uses of the axiomatic method.

‘ But there is more below the surface, beyond what Carnap, in his reflections
40 years later, chooses to mention. Namely, sometime during the 1920s he
formed the plan to write a second book on logic, in addition to 4&riss. This sec-
ond book was intended to be more than a textbook—it was to be a research
monograph, containing Carnap’s own, original contributions to logic. As such
it was meant to be a successor to both Frege’s Grundgeserze and Whitehead &

4. Carnap’s Nachlafl in the Archives for Scientific Philosophy, University of Pittsburgh,
contains copies of Frege's three main works: Begriffsschrift (1879}, Die Grandlagen der
Arithmetik {1884), and Grundgesetze der 4rithmerik {1893/1903}. There are rarginal
rotes by Carnap scattered through all of them. Moreover, Carnap’s copy of Begriffsschrift
{item ASP/RC 111-C-58) contains the following handwritten remark: “Respectfully pre-
sented by the author [Ehrerbietigst liberreicht vom Verfasser].” It seems, thus, that he
asked Frege to autograph his copy.
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Russell’s Principia, at least in certain respects. The working titlg for this a,}nbi-_ j
tious project was Untersuchungen zur Allgemeinen Amiomatik; sOmeLunes
Carnap also used the title Metalogik for it. .

Carnap finished an almost complete draft of Part I of Allgemeine
Axiomatif around 1928, which he then circulated among friends; he also made
various notes and outlines for Part II {(Carnap 1928¢). However, he never com-
pleted the book; the draft and his further notes disappeared in a drawer. They
were only recently edited and published, by Thomas Bonk and Jesus Mosterin
(Carnap 2000). The only related texts Carnap himself chose to pubhs-h tOW:’EIIdS’
the end of the decade were a few short articles: “Eigentliche und Uneigentliche
Begriffe” (Carnap 1927), “Bericht iiber Untersuchungen zur allgemeinen
Axiomatik” {Carnap 1930a), and “Die alte und die neue Logik” {Carnap
1930b); a few years later, with his student Friedrich Bachmann, he also pub-
lished “ITber Extremalaxiome” (Carnap & Bachmann 1936). But basically,
Carnap came to see his logic project from the 1920s as a failure, and he aban-
doned it around 1930. This is, no doubt, why the work on Allgemeine Amziomatik
is not even mentioned in his autobiography.

There certainly are problems with Allgemeine Aziomatik, thus ngod Tea:
sons for Carnap not to publish it, as we will see later. Nevertheless, it is unfor
tunate, 1 think, that he didn’t mention the corresponding research project atall
in his autobiographical reflections. His silence had the effect that until quit
recently this side of Carnap’s work was largely ignored, or even c.om;.eletel
unknown. This is regrettable because Carnap was addressing interesting issues
and in a way that put him at the cutting edge of research in logic at the time. T§
issues addressed are closely connected with those mentioned by Camap,‘ in
some asides, in his autobiography: the simple theory of types, the decision
problem, relational structures, and the axiomatic method.

Now, it turns out that Carnap took detailed nozes in all three courses, These
" notes were kept in his Nachla$, in the form of college notebooks. For along time
 they just lay there, unstudied and unedited. One reason why they were over-
- looked for so long is, no doubt, that they were written in a shorthand notation
“few people are able to read nowadays.® It was only in the 1990s that these notes
vere transcribed into ordinary German and edited by Gottfried Gabriel and his
‘co-workers. The first two sets of them, for “Begriffsschrift I” and
. “Begriffsschrift IL,” were published in German in 1995 (Frege 1995). The third
et of notes, for “Logik in der Mathematik,” has not been published yet, mainly
ecanse a closely related text is available, under the same title, in Frege’s Nach-
- gelassene Schriften (Frege 1914). All three sets of notes are currently being pre-
. pared for publication in English (Frege forthcoming).

Several aspects make Carnap’s notes from Frege's lectures interesting and
- important: To begin with, they show how Frege, the founder of modern logic,
- presented his path-breaking insights into relational and quantificational logic
“to students in his classes. Being the only evidence we have in this connection,
they allow us to see, thus, how Frege’s presentation compares to and contrasts
with contemporary ones. In addition, the notes present us with Frege’s views on
ogic after he was informed of Russell’s antinomy (in 1902), and from a period
" during which he published little. Finally and crucially for present purposes,
- they permit us to determine exactly what it was that Carnap learned from Frege
a5 a student in Jena.
Without being able to go into great depth here, the most important obser-
vations in the latter connection are the following:® First, the logic Frege pre-
sented to Carnap was not first-order, but higher-order logic, essentially in the
form of a simple theory of types. Second, Frege’s theory of extensions of con-
cepts or, more generally, of value ranges—the notorious part that leads to
Russell’s antinomy —was simply left outin the lectures. (This is why Carnap can
say in his autobiography: “I do not remember that [Frege] ever discussed in his
lectures the problem of [Russell’s] antinomy.”) Third, while numbers are still
treated as objects by Frege, in a few asides, he does not provide a systematic the-
ory in this connection; in particular, he does not show how to do so without
bringing extensions back in. Fourth, right along with the technical, symbolic
material and the application of his logic to mathematics, Frege introduces the
Sinn-Bedeutung distinctions and related issues. Finally, in the third course
attended by Carnap Frege discusses and criticizes various approaches to the
foundations of mathematics besides his own, including crude formalist views,
but especially Hilbert’s axiomatic approach to geometry. In that connection,
Trege makes his well-known point that what Hilbert’s axioms really define (not
implicitly, but explicitly) is a higher-order concept, namely that of a three-

Let us go back to Carnap’s relation to Frege and Russell for a moment, since this
will help to put Carnap’s logic project from the 1920s into comtext. I wantt
complement Carnap’s own Tecounting of this relation by reporting on a;}dl
ional material from his NachlaB. Besides bringing to light further historical ;
details which merit attention in themselves, this will allow us to determine:
nove fully how Carnap’s work on logic is related to Frege’s and Russeil’s.

First again to Frege’s lectures on logic, which Carnap attended in 191-1—14.- ?
What was it that Frege covered in these lectures? Basically, “Begriffssthf{. L7
the first course Carnap attended, provided an introduction to Frege’s logie, 1.e.
to its basic notions, its two-dimensional notation, etc. In “Begriffsschrift I,
Frege developed this apparatus further and then applied it to various concepts '
in mathematics, for example to those of continuity and uniform continuity, 2.
mentioned by Carnap in his autobiography. And in the third couxse, “Logikin.
der Mathematik,” Frege added a discussion of various approaches to the foun-
dations of mathematics.

§.The shorthand notation is called Stolze-Schrey; see (Frege 1996), pp. xid-xvi, for further
information.

6. For more, see {Frege 1996} and (Frege fortheoming), including both intreductions by
the editors.
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dimensional Euclidean space. Overall, what Carnap was presented with in the’
lectures was the consistent, unproblematic part of Frege’s logic, together with
typical Fregean reflections in the philosophy of logic and of mathematics and
with a still relatively optimistic attitude about the prospects for logicism. (The
latter is what allows Carnap to say in his autobiography: “[Frege] did not share
the pessimism with respect to the “foundational crisis” of mathematics some-
times expressed by other authors.”)

. v x

While Frege’s influence on Carnap with respect to logic was early, direct, and
strong, the influence of Russell was equally important and almost as direct. We
have already been told that Carnap had heard about Principia Mathematica in
Frege’s lectures; also that his serious study of it started in 1919; and that, after mov-
ing to Freiburg i. Br. that year, the problem for him was that the university library
did not own a copy of Principia. This is the point at which he wrote to Russell.

As it turns out, contained in Carnap’s NachlaB there is a whole series of let-
ters to Russell from the 1920s. The first, dated Nov. 17, 1921, is the cover letter
for a package in which Carnap sent Russell his book Der Raum. The letter itself
starts as follows:

Dear Sir:

In sending you a copy of my treatise Der Raum, ] am pleased to have
an opportunity to thank you for the rich stimulation I have received
in my studies of the philosophy of the exact sciences from your
works. Besides Frege (whose personal student I had the good fortune
to be) and Couturat, I would name you as the person to whom I owe
the most in this area. . . . {Carnap 1921, p. 1, my translation)’

Half a year later, on June 13, 1922, Carnap sent another letter to Russell, Letme::
quote it in full, since it is both relevant and remarkable:

Dear Sir:

I would like to ask you for a favor: Would it be possible to obtain,
with your help, the first volume of “Principia Mathematica” ata
reduced price?

7. In: a remark that gives a sense both of the times and ofhis political convictions, Carnap *
adds in the same letter: “I am particularly happy that it is you, as the first Englishman,
with whom [ can join hands in the scientific field, since already during the time of thewar’
you stood up so openly against the intellectual enslavement resulting from hatred
between peoples and in favor of 2 humane and pure way of thinking. When I remember
that the same conviction was also held by Gouturat, who unfortunately died so prexnature--
iy, I ask myself: Is it mere coincidence that the people who achieve the greatest clarityin |
the most abstract avea of mathematical logie are also those who oppose, clearly and force-
fully, the narrowing of the human spirit by means of affect and prejudice in the area of -
human relations?” {Ibid., p. 2, my translation)
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Because of inflation it is customary in scientific circles in Germany,
if gne has conpections to an author, to buy his book that way for the
so-called “anthor’s price,” i.e., for a reduced price which the pub-
lisher charges the author. For us, foreign books are even harder,

often impossible, to get {1 Shilling = approx. 60 Mark). This is why
Thope I can ask you for this favor, even if we are not personally
acquainted. I do have a relation to your work, however: It was brought
to my attention when I was a student of Frege’s in Jena. Atthat time

. Istudied *Principia Mathematica,” which was available in the library

there, and made excerpts from it that have often been of use to me.
Thave also reproduced selections from them so as to make them the
basis for discussions of related topics, since I have found the variety of
logistic systems and notations often inconvenient in such discussions.
The enclosed copy shows, of course, nothing but my interest in the
area and in your work, most likely also some mistakes. For that reason
all the more, { wish to own the book; it is not available in the univer-
sity library in Freiburg which [ am currently using, and Twould like

to work my way through it more thoroughly. It is my belief that I can
make logistic fruitful, especially the theory of relations, in the area

of the theory of knowledge as well (more precisely: the structural
theory of the object of knowledge), an area in which I currently work.
{although in a somewhat different direction than your book “Cur
Knowledge . .. ,” whick I do own and value}.

If I may trouble you in this way, please send me a bank account and
the amount (in Shillings) to be wired for a paperback copy of Volume
I, including postage and other expenses.

{Aslong as, unfortunately, no international language has been into-
duced in general, I follow the usnal custom that each of us writes in
his own langunage.)

Most sincerely,

R.C. (Carnap 1922b, my translation)

--_Appa:ex}tiy Russell responded quickly. He was willing to help, although not
~‘exactly in the way requested; instead, he offered to send Carnap excerpts from
Principia.

Carnap’s answer to that offer can be found in a letter from July 29, 1922:

Dear Sir:

For your kind offer to send roe the definitions and main theorems of
vol. I of “Principia”, I want to thank you sincerely. This will most
certainly be of use to me. And after using your excerpts myself, I
would like to pass them on to other people who are in the same situa-
tion- In addition, [ am playing with the idea of publishing such a
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collection, with annotations, as “Tatroduction to Logistic” {o1:
Introduction to Mathematical Logic). Not to function as a construc-
tion of mathematics on a logical basis, but as a general tool for logi-
cians and epistemologists, applicable in various areas. What would
you think of such a plan? I believe that today such an instrument
would be adopted and employed gladly in philosophical circles; many
will probably be in the same sitnation 25 I: happy to be able to refer to
such a collection, so that it becomes unnecessary to preface every
application of the symbolism (especially that of the theory of rela-
tions) with an extensive explanation. There is a question, however,
whether in the current economic situation a publisher can be found
who is willing to take the risk of publication. Perhaps another man-
ner of reproduction should be considered, instead of the expensive
process of printing in the case of a small edition, e.g., autographical
printing. . . . (Carnap 1922c, pp. 1-2, my translation)

Logistik had been planted as early as 1922.

Two months later, on September 29, 1922, Carnap sent another letter to
Russell. By that time he had received Russell’s handwritten excerpts. His new

letter starts as follows:

Dear Sit:

After coming back from my trip, [ have found your package. Tam
extremely thankful for all the effort you have put into it. 1 am already
looking forward to starting to study this work, after having taken
care of some other things, and I hope that something fruitful will
result from it. Later I will also gladly pass on your notes to other
workers in the same field; I have in mind in particular: Gerhards,
Aachen; Behmann, Gottingen; Wilke, Weisswasser; Reichenbach,
Stuttgart. . . . (Carnap 19224, p. 1, my transiation)

Next, in a letter from February 20, 1923, Carnap writes:

Dear Sir:

Although a publication is still not forthcoming, as the next fruitof
studying your system and related problers there will be several dis-
cussions of it. Concerning the corresponding conference . . . ,see
¢he attached announcement. There will only be a small number of
participants. . . . Only now does the thought occur to me (perhaps
too late} that your participation might be possible, too. 1 blame
myself for not having thought about that earhier. But these days other
countries seen, in normal circumstances, so unreachably far away
that one forgets that the road from outside inis often easier. ... [will
take the collection of definitions ete., on which you spent such an
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effort and for which I am quite thankful, with me to the conference
s0 as to let its influence on me deepen, also so as to give it to some of
the other participants. . . . (Garnap 19234, p. 1, my translation)

The conference Carnap speaks of here, as in %is antobiography, is the one in
Edangen, which Russell did not attend in the end.

Carnap’s interactions with Russell continued, including his attempts to
incorporate Russell in his and his co-workers’ activities. For example, in aletter
from September 9, 1923, Carnap asks Russell to be on the editorial board of a
newly planned journal. As he explains, that journal is to cover epistemology,
philosophy of science, and logic, including “basicissues concerning axiomatics
and applications of the axiomatic method.” Referring back to their earlier cor-
espondence, he adds: “[My] introduction to logic (Der Abriss der Logistik)—
_ which 1 want to fipish this winter, perhaps in collaboration with Bebmann,
- Gttingen —will probably be published in that journal, too” (Carnap 1923b, p.
1, ooy translation}. Carnap’s correspondence with Russell continues through-
©out the 1920s; but let me mention only two more details from i, in order to
round off our discussion so far. First, in 1924 Carnap did, after all, obtain a copy
of Principia Mathematicaitself; and he obtained it again via Russell (see Carnap
19262 and 1926b). Second, in 1929 Carnap, in turn, sent a copy of Abriss der
Logistik o Bussell, with the comment: “Now it is finally finished (after com-
pleting the ms. already in the fall of 1927)” (Carnap 1929¢).

© Asis evident both from this extended correspondence and from Carnap’s
autobiography, he was extremely grateful to Russell for his support - starting
with Russell sending him the collection of main definitions and theorems in
Principia Mathematica in 1922. In retrospect that initial episode alone is, as a
. matter of fact, rather extraordinary: Here is Carnap, a young, completely
unknown German, writing to Russell, the famous co-author of Principia
" Mathematica (Whitehead & Russell 1910-13), author of Principles of Mathe-
“matics (1903) and of various other well-known works, asking him for help in
cbtaining a copy of Principia. And in response, Russell, presumably not able to
gbtain such a copy at the time, sends Carnap back a handwritten 35-page sum-
mary of the book!®

Throughout his career Carnap emphasized the strong influence Russell had on
him, including his adoption of a Russellian {and Fregean) logicism in the phi-
losophy of mathematics and logic. What the letters to Russell from the 1920s
show, more particularly, is that Carnap’s dbriss der Logistik was a direct out-
come of studying Principia Mathemarica; also, that plans for Carnap’s book
started to take shape as early as 1922; that a first draft of it was written in 1924;
that for a while Heinrich Behmann was supposed to be a co-author; and that the

8, This handwritten summary is alse available in the Carnap MNachlaB in Pittsburgh
(Russell 1922). It is still awaiting further study and, perhaps, publication.
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manuseript for the book was essentially finished in 1927, although it was onl
published in 1929. In Abriss itself, Carnap gives generous credit to Bussell an
his works in remarks such as the following:

According to a more recent conception (Russell, PM I2, §. XIV;
Ramsey [Found.] 2754f.), the ramified hierarchy and, thus, the axiom
of reducibility is dispensable, Consequently it will not be discussed in
what follows. The ramified theory of types was constructed in the
belief that certain antinomies of a special kind could not otherwise
be avoided. . . . Closer inspection seems to show, however, that these
antinomies are not of a logical, but of a semantic kind; i.e., they only
oceur because of a defect in ordinary language. . . . Then again, the
problem of the antinomies has not been solved completely. It is tied
up with the problem of the thesis of extensionality. {Carnap 1929a,
p- 21, my translation)

The establishment of modern logic and the theory of relations is,
ahove all, due to B. Russell and A N. Whitehead. My own presenta-
tion is based on their work Principia Mathematica. Everyone who
uses logistic tools owes a debt of thanks to them. I owe an additional
debt to Mr. Russell for his extraordinarily helpful and generous sup-
port of my early studies in this area. (Garnap 19292, pp. lit-iv, my
translation; ¢f. pp. 2, 107, etc.)

The basic purpose of Carnap’s dbriss der Logistik is, clearly, to make the log
ical system from Principia available to a broader audience. For our purposes
two other observations are also important, however: First, according to its
author the material in 4briss is “not to function as a construction of mathe-"
matics on a logical basis, but as a general rool for logicians and epistemolo- :
gists” (Carnap 1922c, emphasis added); more specifically, it is to function as .
a tool for dealing with “basic issues concerning aziomatics” (Carnap 1923b,’
emphasis again added). Second, while generally speaking Carnap does wozk.
with a theory of types in his research during the 1920s, it is not Russell’s ram-
ified theory, as presented both in Principia Mathematico and in Russell’s 35-:
page summary, but a version of the simple theory of types that he employs.:
The first of these two observations leads to the question whether Carnap:
should really, or unequivocally, be seen as a logicist in the tradition of Russell:
and Frege. Both observations together lead to a further, more specific ques-
tion: What was Carnap trying to do within a simple theory of types, used asa.
“general tool for logicians;” what, more specifically, did he mean by “basic.
issues concerning axiomaties”? I will come back to Carnap’s relation to logi--
cism shortly. Before that, let me {ill in some background on the history and
use of the simple theory of types.

If we consider the reception of Principia Mathemartica in the 1910s and
90s, it is clear that there were questions and doubts early on about certain.
aspects of its general framework: ramified type theory. They usually focused on!
the following three axioms in it: the axiom of reducibility, the axioms of indl
ity, and the axiom of choice. In fact, Russell himself began to express doubts
about these as axioms of logic, as his introduction to the second edition of
Principia illustrates (Whitehead & Russell 1925). Frank Ramsey’s article “The
Foundations of Mathematics” (Ramsey 1925) is usually considered to be the’
main source of the simple theory of types, a theory proposed, subsequently, as.
away of solving or avoiding the corresponding problems.

Now, that article by Ramsey, together with the second edition of Principia,
is exactly the source mentioned by Carnap in connection with not using a
Russellian ramified type theory, including the axiom of reducibility, in Abriss
der Logistik. As he remarks:

imﬁa?iy, i areview of Principia Mathemarica for the journal Erkenninis, pub-
shed in 1931 (Carnap 1931b}, Carnap declares:

A problem that still awaits solution is the axiom of reducibility. It has
to be rejected for philosophical reasons. . . . A charitable attempt to
solve the difficulties has been made by Ramsey [in “The Foundations
of Mathematics”], partly following Wittgenstein. He doesn’t just
drop the axiom of reducibility, but also the ramified theory of types.
His overall conception has not found much sympathy; but various of
his results remain correct and important. (Carnap 1931b, p. 74)

_Going back to A&riss, Carnap goes on to say that a more general rejection of
type theory on the basis of a rejection of the axiom of reducibility is not justi-
fied, since one can avoid that axiom by using the simple theory of types.

While Ramsey’s article is undoubtedly important, also for Carnap, it
-should be added that Ramsey was not the only person to suggest a simplified
vession of type theory in the early 1920s. The theory seems to have been in the
‘air at the time. For example, the Polish logician Leon Chwistek proposed
related ideas independently.’ More importantly for us, Ramsey does not present
-Aasystematic, technical development of simple type theory in his “The Founda-
‘tions of Mathematics”; he only formulates, as Carnap puts it, a number of “phi-
Josophical reasons” for considering it. It is sometimes assumed that the first
stematic presentation of simple type theory ocours (in 1928) in Hilbert &
ckermann’s Grundziige der theoretischen Logik. However, the first edition of
at book (Hilbert & Ackermann 1928) still centers around ramified type the-
ry, along the lines of Principia Mathematica. It is only in the second edition (of
938) that the two authors switch to simple type theory as the preferred logical
[framework. In Carnap’s.4briss der Logistik (Carnap 1929a), on the other hand,

e framework s immediately the simple theory of types. Moreover, Carnap’s

xt was essentially finished in 1927, as we have seen, and then circulated

ong a number of logicians.

_ Cong)&re (Church 1956), p. 355, (Grattan-Guinness 1579}, pp. 278-79, and the refer-
:ences in them.
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“ Geometrie (Hilbert 1899) and “Axiomatisches Denken” (Hilhert 1918) in his
writings; he also Hsts Hermann Weyl’s Philosophie der Mathematik und
Netwrwissenschaften (Weyl 1926}, which was at least partly a text in the Hilbert
“-school, in the bibliography of A&riss {ibid., p. 107). Concerning personal con-
*“tact, another member of the Hilbert school has to be seen as central: Heinrich
~ Behmann.!?
Today Behmann’'s work is not very well known, clearly not as well as that of
- other members of the Hilbert school (Ackermann, Bernays, Gentzen, etc.). But
~in the 1920s, logicians like Carnap were familiar with texts such as his
. “Beitriige zur Algebra der Logik, insbesondere zum Entscheidungsproblem”™
Bebmann 1922) and Mathemarik und Logik (Behmann 1927), as the refer-
“ences in Abriss der Logisttk show (pp. 102-4}). Moreover, Carnap’s letters to
-~ Russell make clear that he and Behmann were frequent interlocutors and close
- collaborators ~ not only was Behmann one of the participants of the Erlangen
~ conference and someone Carnap mentions to Russell several times by name, he
‘even considered writing dbriss der Logistik in collaboration with Behmann at
- some point. Finally, in the preface to the published version of 4&riss Carnap
- thanks Behmann explicitly and prominently (besides Hahn and Waismann) for
*. his advice and help (Carnap 1929a, p. iv}. Itis reasonable to assume, themn, that
Carnap was well aware of basic developments in the Hilbert school through
Behmann. And it is not surprising that two of the topics mentioned by Carnap
repeatedly during the 1920s were absolutely central to that school: the use of
--the axiomatic method, and the question of the decidability of logic, i.e., the
* “Entscheidungsproblem.”*
: A second main contact for Carnap during the 1920s, also mentioned in his
o Jetters to Russell, was Abraham Fraenkel. As Fraenkel, too, is not usually rec-
* ognized as a central figure in the development of logic (as opposed to set the-
- ory), let me again provide some background information in this connection. If
we start, once more, with the historical and bibliographical references in Abriss
der Logistik, Fraenkel’s name comes up several thmes, These references con-
cern partly set theory, as one would expect, but they also occur in connection
. with the axiomatic method (e.g., p. 72 and p. 128, fn. 1). This is no accident~
"_:.together with Hilbert’s and Weyl’s works, Fraenkel’s Einleitung in die
- Mengenlehre (Fraenkel 1928) is one of the first and main texts to discuss the use
- of this method systematically. More specifically, Fraenkel discusses axiomatics
- ina relatively objective, nonpartisan way, an aspect that must have appealed to
- Carnap. Actually, in the first edition of Einleitung in die Mengenlehre (published

One conclusion concerning the history of logic to be drawn at this pointis .
this: Carnap should be given some credit for the development and, especiaﬂy, :
the dissemination of simpie type theoryin the 1920s. Note here that exactly 1".3{115 :
theory (not first-order logic) was subsequently the theory underlying semt_anal
works by Godel, Tarski, and others, in the late 1920s and early 30s. In particu- :
lar, a version of the simple theory of types was the framework for Gédel’s .
famous “Uber formal unentscheidbare Sitze der Principia Mathematica und
verwandter Systeme I” (Godel 19 31}.2% The theory reached its canonical forma
few years later, in Alonzo Church’s “A Formulation of the Simple Theory of ;
Types™ (Church 1940). Then again, at that time it was aiready in the pr_ocess'of '
being replaced by first-order logic as the preferred framework for work in logic. -
Looking in the opposite direction, we should also note that Fr.ege’s ‘werk
including the lectures Carnap attended in 1911-14 - already contains at its core
a simple theory of types. Rather than following Russell, Garnap can thus be seen”
as going back to Frege with respect to type theory. Or at the very least, whathe
Jearned from Frege as a student made him see very quickly the usefulness and
significance of simple type theory, as suggested most prominently by Ramsey.!

PR

To get the proper perspective on Carnap’s general goals for h.is fogic project:
from the 1920s, beyond disseminating Russellian logic or the smatpie th'e?ry of
types, it is important to recoguize two further influences on him, in addition @
Frege, Russell, and Ramsey. First, there is the influence of Hilbert and his
school; second, we have to consider Carnap’s exchange of ideas with Abraham
Fraenkel during the 1920s. )

In Carnap’s 4briss der Logistik, Hilbert & Ackermann’s Grunc':fzuge der
theoretischen Logik (Hilbert & Ackermann 1928) is listed in the bibhography,
but with the following parenthetical remark added: “Not used for this text‘”
(Carnap 1929a, p. 106). It seems that Carnap received their bogk onty when his
own was already basically finished. Together with the observations that Carnsjlp
is usually rather generous in his references, that he started to work on {}mes
earlyin the 1920s, and that he had finished a manuscript fqr it by 1927, this sug-
gests strongly that he composed his own logic text independently frgm.
Hilbert’s. As far as I know, Carnap also didn’t have any personal contact with
Hilbert during the 1920s. On the other hand, he certainly knew several of
Hilbert’s and his collaborators’ eathier publications well; and he was in direct,
sustained contact with at least some of the members of the Hilbert school. _
Concerning published works, Carnap often refers to Hilbert’s Grundiagen der ' 12, Behmann finished a dissertation under Hilbert in 1918, on a topic closely elated to
Whitehead & Russell’s Principia Mathematica. From that time until 1925, when he left
Gottingen, he was an active participant in the discussions onlogic and the foundations of
mathematies there. For more on Behmann’s dissextation andhis role in these discussions
11; g(;g'c;ttingen, see (Mancosu 1999); for Hilbert’s school more generally, compare (Sieg
13. Besides in Hilbert’s own works, these two topics play a central role in (Behmann
19223, (Weyl 1926}, {Behmann 1927), and {Hilbert & Ackermann 1928).

10. Moreover, there is evidence that Gidel not only learned simple type theory direetly
from Carnap, but was led to some of his specific results that way; compare {Awodey &
Carus 2001, pp. 163-64). ) ) ] ' .

11. Frege's published works are mentioned in the list of suggested readings in Abriss der
Logistik under the rubric “Older texts . . . that still contain valuable material for current
research” {Carnap 1929a, p. 107).
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in 1919) this topic doesn’t play a major role yet; no special chapter is reserved
forit. It is in the second edition (1923) and, especially, in the third {1928} that
things change. It is also in the third edition that Fraenkel refers explicitly to
Carnap, both in general and in this very cormection: in the preface of the book,

Fraenkel thanks him for his help overall; and in the chapters on axiomatics he
not only refers to “Eigentliche und Uneigentliche Begriffe” (Carnap 1927), but

also acknowledges “deeper still unpublished work by the same author” as
important for his discussions (Fraenkel 1928, p.x and p. 353, note 3).*

The parts of Fraenkel’s book in which the more specific references o

Carnap occur contain an early consideration of what we would call metamathe-

matical questions about axiomatic systems. Among others, Fraenkel considers

three requirements (many) such axiom systems are meant to fulfill: consistency,

complereness, and nutual independence of the axioms. The crucial notion for
our purposes is the second requirement, that of completeness. It is precisely-:
this notion that is at the center of Carnap’s own research project on logic in the
1990s. Fraenkel actually distinguishes three different notions of completeness
for a system of axioms, as does Carnap in “Eigentliche und Uneigentliche -
Begriffe.” Besides the question of how precisely to define each of these three °
notions, the main problem raised by Fraenkel is how they are related to each

other.

s . w

Now, finally, the stage is set to present the core of Carnap’s research projectin -

iogic from the 1920s, the project that was meant to culminate In

Untersuchungen zur Allgemeinen Aziomarik. Its overall topic is “general axio-

matics,” as indicated by the title. In “Bericht iiber Untersuchungen zur allge-

meinen Axiomatik,” Carnap’s short and programmatic report that made it Into -
print, he characterizes general axiomatics as “the theory of axiomatic systems -

of arbitrary form” {Carnap 1930a, p. 303, my translation). Allgemeine
Aziomatik itself starts with a related, but more detailed explanation along the
same lines:

In the course of recent investigations into general properties of
axiomatic systems such as: completeness, monomorphy {categoric-
ity), decidability, consistency, etc., and into the problems of deter-
mining eriteria for and the mutual relations between these
properties, one thing has become increasingly clear: that the main
difficulty with respect to these problems lies in the insufficient preci-
sion of the concepts used. The most important requirement fora
fraitful trearment of them is: on the one hand, to establish explicitly
the logical basis to be used in each case, as is usually not done with

14. The interactions between Carnap and Fraenkel on this and related topies is noted in
{Awodey & Carus 2001), and discussed further in {Awodey & Reck 2002a). Compare also
{Carnap 1929b) and, for some biographical background, (Fraenkel 1967}, pp. 151-55.
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enough precision; and on the other hand, to give precise definitions
Jfor the concepts used on that basis. In what follows, my aim will be to
satisfy those two requirements and, subsequently, to establish the
fruitfulness of the established foundation by deriving a number of
theorems of general axiomatics. By “general axiomatics,” I mean the
theory of general, logical-formal properties of axiomatic systems, as
opposed to a “special axiomatics” that deals with certain particular
systems of axioms (e.g., an axiom system for Euclidean geometry, for
set theory, etc.). {Carnap 2000, p. 59, my transiation, original
emphases)

There are, thus, three main goals for Carnap: “to establish explicitly the logical
basis to be used”; “to give precise definitions for the concepts used on that
basis™; and to “derive a number of theorems of general axiomatics.”

Now, what is the “logical basis”—or the “basic discipline
{Grunddisziplin]” as he also calls it elsewhere {ibid., p. 60)—that Carnap hasin

“mind? It is, not surprisingly at this point, the simple theory of types (see espe-

cially pp. 68-70). On its basis, or within this framework, the notions to be
“defined precisely” include: the notion of model for an axiom system; logical
consequence, independence, and consistency; isomorphism between models;
and, especially, completeness. Actually, instead of one notion of completeness
Carnap introduces three distinct notions'—as suggested by Fraenkel -namely:
“monomorphy [Monomorphie},” “non-forkability [Nicht-Gabelbarkeit],” and
“decidability [Entscheidungsdefinitheit].” If reconstructed charitably, these
potions amount to the following:'® a} A theory T"in simple type theory is
monomorphic if all of its models are isomorphic, i.e., if the theory is cate-
gorical. b) Tis non-forkable if there is no formula in simple type theory such
thatboth 7'w{g}and T’V {—@} are satisfiable. And ¢), T'is decidable if for all

" formulas 7 in simple type theory either ¢ or —¢ is a logical consequence of 7.

Finally, the two most impertant “theorems of general axiomaties” Carnap
formulates in terms of these notions are: Theorem [: Being monomorphic is
equivalent to being non-forkable. Theorem 2: Being non-forkable is equivalent
to being decidable. (See Garnap 2000, chapter 3; compare also Carnap 1930a,
pp- 305-7.) If true, it would follow, of course, that all three notions of com-
pieteness introduced by Carnap were equivalent.

What I have described so far should give a good first sense of Part 1 of
Untersuchungen zur Allgemeinen Azxiomatik, the part on which I want to

15. There are a rumber of subtle differences between what follows and Carnap’s actual
definitions, most of them connected with three issues: (i} Carnap uses the background of
simeple type theory in a peculiar and problematic way; (i) he doesn’t separate object-lan-
guage and metalanguage carefuily, or as we have learned to do since; (iil} ke doesn’t
define the notion of logical consequence in a way that is appropriate for his own pur-
poses, especially by not distinguishing appropriately between syntactic and semantic
consequence. For more details, see (Bonk & Mosterin 2000), {Awodey & Carus 2001),

{Awodey & Reck 2002a).
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focus.'s There are, of course, various problems with Carnap’s treatment of the

issues just mentioned, including some of his definitions (especially the actual,

anreconstructed ones). Before remarking further on these problems, Iwantte
make three more general observations. First, note that Carnap is studying
axiomatic systems in general, and in a way that we would again call metamathe-
matic or model-theoretic. Second, tnlike in {most) contemporary model theory
he is not working with first-order logic and set-theory as the background theo-
ries, but with the simple theory of types. Third, if looked at in more detail his
approach is only partly metamathematical and model-theoretic, since he does
not separate precisely between object-language and meta-language, and since
he does not yet have a full understanding of the model-theoretic notion of an
interpretation for a formal language at his disposal.

What, beyond the third point just mentioned, is probiematic about
Garnap’s definitions and proofs? The difficulties and background issues
involved are subtle, and I cannot go into much detail here. But very briefly,
there are two main problems: Fixst, in the proof of Theorem 7 (stating that
being “monomorphic” is equivalent to being “non-forkable™ in simple type
theory) Carnap makes an implicit assumption that is not justified, and indeed
not true in general. As a result, his proof does not establish what it is sup-
posed to establish, only a weaker, partial result. Second and more basically, in
his definition of “decidable”—formulated above, vaguely and ambiguously, in
terms of “logical consequence”~ Garnap is not sufficiently aware of the dif-
ference between the notions of semantic and syntactic consequence, and he

does not succeed in formulating either motion adequately.’® As a conse- :

quence, while his Theorem 2 (stating that being “non-forkable” is equivalent
to being “decidable™) is true as presented by him (basically, involving the
notion of semantic consequence), it does not provide an answer to the ques-
tion that Carnap —and Fraenkel before him —really wanted to have answered

{involving syntactic consequence instead).’® More generally, Carnap’s defini- '

16. Part II of the book was, among other things, suppesed to investigate the relation

between completeness and “extremal axioms,” such as Hilbert’s “Axiom dex .

Vollstindigkeit” for geometry and the axiom of induction for arithmetie. See (Carnap &

Bachwmann 1936) for a later partial exposition; compare also the discussions and further .
references in (Bonk & Mosterin 2000}, (Awodey & Carus 2001), (&wodey & Reck 2002a),

and (Awodey & Reck 2002b).

17. Carnap implicitly assumes that, for any model M, “beingisomorphic to M is express-

ible in the simple theory of types. This assumes that any model M is definable in simple
type theory, which is not true as became clear after Carnap’s work. See {Lindenbaum &
Tarsld 1958) for an explieit statement of the correct result; conipare also the correspon-
ding remarks in {Awodey & Carus 2001) and (Awodey & Reck 2002a).

18. In some late additions to (Carnap 1928¢), he distinguishes between “decidable
fentscheidungsdefinit]” and “k-decidable [k-entscheidungsdefinit],” where the latter,

but not the former, involves provability in a formal system. However, various problems ;
remain with these two notions. For further discussions and some clarifications in this *

connection see again (Bonk & Mosterin 2000) and {Awodey & Carus 20013,
19. If formulated adequately in terms of syntactic consequence, Theorem 2 is, of course,
false, as Godel established in his famous Incompleteness Theorems. If formulated in
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 tions of several of his central notions are not given with “sufficient precision,”
: contrary to his stated aims.

Carnap himself became aware of these problemns when discussing his ideas
with a number of logicians in the late 1920s. In particular, it was conversations
with Gédel and Tarski around and shortly after 1930 that made him see the
source and the depth of the difficulties involved. Actually, several parts of what

Carnap did, or tried to do, can be salvaged by using contemaporary tools.® But
‘apparently he himself either lost confidence in the project completely, just after

submitting “Bericht tber Untersuchungen zur allgemeinen Axiomatik”

- {Carnap 1930a) for publication, or he concluded that the amount of what could
" be salvaged was not enough to mezrit publication of his research monograph.

Let me make one further comment in this conmection. It seems to me that

-a more detailed investigation of what Carnap tried to do in his logic project,

including of the ways in which he failed, could be quite interesting, not only
from a logical, but also from a philosophical perspective. Note, for example,

‘the following: With his investigations into “general axiomatics,” Carnap
~'stands right at the threshold between an older universalist conception oflogic,

in the tradition of Frege and Russell, and a more recent model-theoretic con-
ception, in the tradition of Hilbert, Tarski, and others.” Like Frege and
Russell, Carnap works within a theory of types as the fixed, universal back-
ground theory, and in a way that treats this theory as always already inter-

~preted. But neither Frege nor Russell was much interested in “general
- axiornatics,” or in what Hilbert later called “formal axiomatics.” It has even
- been argued that the metamathematical or model-theoretic point of view
- required for an adequate treatment of the corresponding issues was funda-
~mentally alien to their philosophical orientations.?? What makes Carnap’s
" logic project from the 1920s so interesting is that he is os% directly and deeply

influenced by Frege, Russell, and (at least certain aspects of} their universalist

. conception of logic and very intent on doing “general axiomatics,” thus (at
- least to some degree) metamathematics and model theory. It could be quite

illuminating, then, to analyze further the extent to which combining these two

aspects was possible for him, and the extent to which it wasn’t.?®

" terms of semantic consequence, Theorem 2 asserts the true but trivial equivalence
- between two versions of what may be called “semantic completeness™; compare (Awodey
* &Reck, 20023}, in particular Definitions 3.2 and 3.4.

20, Compare {Awodey & Reck 2002a) and (Awodey & Reck 2002b).

21. See (van Heijenoort 1967), (Goldfarb 1979), and (Hintikka 1988) for the distinction
between a universalist and a model-theoretic conception of logic.

22. This has been argued especially in connection with Frege; see (Ricketts 1986},
{Goldfarb 2001}, and the further references in them. For a different perspective, compare
{Tappenden 1997}.

23. In {Hintikka 1991} and {Hintikka 1992), Carnap’s work on logic is discussed in this
tight. However, Hintikka sees him too much, or too unequivecally, as a universalist, I
think. What needs to be investigated furtherin this connection are the details of Carnap’s
treatment in 4llgemeine dxiomatik.
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Reserving further considerations of this issue for future work, I want to
close the present paper with a different suggestion. It concerns the standard
assumption that, with respect to his basic position in the philosophy of mathe-
matics and logic, Carnap was a logicist, in. the tradition of Frege and Russell.
Taking account of his logic project from the 1920s puts this view into a new
light—and partly into question.

ty, but also the axioms of infinity and choice. As to (iii), at least until around
:1930-31 Carnap’s basic procedure is to work with one overarching logical sys-
. tem as the “basic discipline,” generally the simple theory of types.?® Thus he
“elearly accepts this aspect as well. In fact, (iii) is intimately tied up with
~Carnap’s general goal of analyzing “the total system of knowledge,” “the total
- language of science,” and with his emphasis on “the unity of science” (Garnap
1963, pp- 12, 32, etc.). That goal, in turn, is also what motivates {v): the
requirement that mathematics be systematically connected to, especially, the
*empirical sciences. Gonsequently, (v} is again something Carnap is committed
to throughout his career,

~ The most interesting aspect for our purposes is {iv}, howevex: that accord-
ng to logicism all terms, including all mathematical terms, are to be given a def
~inite meaning within the basic system. This is usually taken to mean that, e.g.,
* arithmetic terms such as “1,” *2,” “3,” . .. are to be defined explicitly, as in the
‘works of Frege and Russell. “TImplicit definition” of mathematical terms by
- ‘means of the Peano axioms for arithmetic, Hilbert’s axioms for geometry, and
" 50 on are rejected as inadequate and inherently problematic. Now, it is exactly
such “implicit definitions,” or better the corresponding formal axiomatic
- approach to the theories involved, that are at the center of attention in Carnap’s
~logic project from the 1920s. This focus is very clear in Untersuchungen zur
- Allgemeinen Axiomarik, but it can also be found in dbriss der Logistik and other
- published writings from this period.

: The earliest published text by Garnap with this focus is the article
© “Bigentliche und Uneigentliche Begriffe” (Carnap 1927). At the core of this
" article is Carnap’s distinction between explicitly defined mathematical terms
- and notions, such as what he calls the “Russell numbers,” and only implicitly
.. defined terms and notions, such as the “Peano numbers.” Concerning the lat-
ter, Carnap tatks about “improper” or “inauthentic concepts™ [uneigentliche
_Begriffe], in contrast to “proper” or “authentic concepts” [eigentliche
- Begriffe]. He also makes clear that the notion of “implicit definition” is really
- somewhat misleading. What introducing the Peano Axioms does is not so much
" to “define implicitly” the meaning of “1,” “2,” “3,” .. ., as to define explicitly
* acorresponding figher-order concept: that of a “progression” (“natural number
system,” “w-sequence”); similarly in the case of geometry. Carnap reaffirms
- this point later in Abriss der Logistik (Carnap 1929a, pp. 71-72) and elsewhere.
- And it is, of course, exactly the way in which Frege responded to Hilbert’s
- axioms of geometry in his lectures on logic, in particular in the 1914 class
“Logik in der Mathematik” attended by Carnap.

v .+

Logicism is usually understood to be the thesis that all, or at least large parts, of
mathematics can be reduced to logic. This thesis has two sides: (i} that all math-
ematical concepts can be defined in terms of basic logical concepts; (i) thatall .
mathematical theorems can be deduced from basic logical truths. Considering .
both of these sides together, Carnap writes in 4ériss der Logistik: “All of math-
ematics becomes, then, part of logic” (Carnap 1929a, p. 2, my translation). To
distinguish logicism further from other positions in the philosophy of mathe- *
matics and logic, in particular from formalism, three additional, more specific
aspects should be mentioned: (iii} According to standard logicism, there is one .
Iogical system that is fundamental for all investigation, both mathematical and
empirical. (iv) Within this one system, all terms, including all mathematical
terms, are to be given a definite meaning. And {v), doing so is meant to allow
mathematical and nonmathematical statements to be deductively connected in -
a systematic way. :

Itis well know that Carnap expressed support for points (i) and (ii) - forthe
theses that all mathematical concepts and all mathematical theorems can be
reduced to logical concepts and truths — throughout his career.** He also explic-
itly traced this support back to what he learned from Frege and Russell. We have
already encountered the following remark, in the early parts of Carnap’s auto-
biography, concerning the influence of Frege’s lectures and publications
“From his analysis I gained the conviction that knowledge in mathematics is
analytic in the general sense thatit has essentially the same nature as knowledge
of logic” (Carnap 1963, p. 12). In a later part of the autobiography, entitled
“The Foundations of Mathematics,” he elaborates on this point:

T had learned from Frege that all mathematical concepts can be
defined on the basis of the concepts of logic and that the theorems
of mathematics can he deduced from the principles of logic. Thus
the truths of mathematics are analytic in the general sense of truths
based on logic alone. {Ibid., p. 46)

In addition, from the 1920s on Carnap keeps referring to Whitehead &
Russell’s Principia Mathematica as the most systematic and convincing defense -
of (i) and (i}, in spite of the fact that he also acknowledges some remaining
problems, or at least open questions, not just involving their axiom of reducibil-

25. One difficult question concerning the axioms of infinity and choice is whether they
are tautologies, or analytic truths, as logical truths are supposed to be for Garnap. Lhave
te leave considerations of this interesting question aside hiere; compare {Goldfarb 1996)
for an informative discussion.

26. This changes after 1930-31, especiallyin Carnap’s Logische Syntax der Sprache, when
the one logical system is replaced by a plurality of such systems; compare {Goldfarb
19946).

24.For explicit endorsement of logicism by Carnap, in addition to the quotations given
below, see especially (Carnap 1930c) and (Carnap 1931a); compare alse the general dis-
cussion in (Bohnert 1975},



174 Erich H. Reck

But this is not all. Carnap’s main line of thought in this connection is that, .
at least in the case of a complere system of axioms, more is accomplished than 3:
just introducing a higher-level concept. Let us take “completeness™ here pri-
marily in the sense of “monomorphy,” or categoricity. To repeat, in the case of -

a categorical axiom systemn, such as the (higher-order) Peano axioms, ali models
are isomorphic; ot as Carnap puts it occasionally, they all “have the same struc-
ture” (Carnap 2000, p. 102, my translation; cf. also Carnap 1930a, p. 305).
Applying his two central “theorems” from Allgemeine Aziomatik, Carnap
infers that such an axiom system is then also “non-forkable” and “decidable”
{in his sense of those terms). Putting aside the difficulties with Carnap’s defini-

tions and proofs, what is the significance of these results according to him? Itis.
this: What a system of axioms with these properties defines is in an important.

sense definite or completely determinate. Actually, the sense of determinateness
is two-fold: Fixst, such a system of axioms defines “one structure” {Carnap
2000, p. 127). Second, the law of bivalence holds for any sentence, in the sense
that either it or its negation follows semantically from the system of axioms
(although not syntactically, as we now know from Gédel’s Theorems). And why
are these results important for Carnap? Because the corresponding “implicit
definitions” are, then, justified and acceptable after all.!

The general conclusion I want to draw from this observation about
Carnap’s project is the following: His attitude towards a formal axiomatic
approach to fields such as arithmetic and geometry is not exactly “logicist,”
at least not in the usual sense of logicism in which it includes @il five aspects

mentioned sbove—including (iv), understood in the strong sense that alt -

“implicit definitions™ are to be rejected as inadequate and fundamentaily
problematic. At the same time, this does not mean that Carnap rejects
attempts at a logicist construction of, say, the natural numbers along the
Lines of Russell. What he seerns to be after, instead, is to study arithmetic both

genetically and axiomatically, i.e., to study both the “Russell numbers” and the .

“Peano numbers.”?

Assuming this is correct, what is izs significance? Should we say that
Carnap was not a logicist after all, in spite of all his explicit uses and endorse-

ments of this label? My answer to that question is the following: In connection

with Carnap’s work, “logicism” is a very slippery term. In particular, one can

use it in a wide and in a narrow sense. Used in the narrow sense, it consists of
points (i) to (v) above, where (iv) is understood as implying the rejection of .

implicit definitions. This amounts, of course, exactly to the kind of logicism
advocated by Frege and Russell (in Frege’s case as applied to arithmetic, in
Russell’s case more generally). The wide sense of logicism, in contrast, has atits

27. For a different interpretation of “Eigentliche und Uneigentliche Begriffe™ see
{Goldfarh 1996). In it, Carnap’s paper is Interpreted primarily as a reaction against

Moritz Schlick’s use of “implicit definitions™; the precise content and the further goals -

of Allgemeine Aziomatik are not taken into account.
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“core the following more general thesis: Logic and mathematics can and should
e developed together, in one system, and in such a way that it becomes evident
that mathematics, like logic, is “analytic.” Here, to establish that mathematics

:is analytic may be attempted by showing that all mathematical concepts are

definable explicitly in logical terms, along the lines of logicism in the narrow
sense. But it doesn’t have to be done that way. Other approaches may be admit-
ted as well, such as the “implicit definitions™ given by complete systems of

' axioms and studied by Carnap in his dligemeine Axiomatik.

Tt is fair to say, L think, that Carnap’s formulations are often ambiguous in

-terms of which sense of logicism he has in mind, narrow or wide (perhaps inten-
“tionally so because of some of the remaining problems in a Fregean and

‘Russellian approach). There is also a question s to whether the second, wide

view still deserves the title “logicism.” Be that as it may, I take it to be uncontro-

versial that Carnap, throughout his career, was an adherent of logicism in the
wide sense. What our discussion of his logic project from the 1920s reveals,
however, is this: To interpret him as a logicist in the narrow senrse is proble-
matie, in spite of the strong influence Frege and Russell had on him. Instead,
the best way to describe the situation is probably this: From early on in his
career, Carnap was attached to logicism, as defended by Frege, Russell, and
Ramsey. But he also quickly became attracted to certain aspects of formalism,
as he encountered them in Hilbert’s writings, in conversations with Behmann,
and in Fraenkel’s general discussion of the axiomatic method. Carnap’s logic
project from the 1920s consists, then, of an attempt to synthesize logicism and
formalism, to get the best of both worlds.? Having that aim —trying to mediate
between seemingly irreconcilable philosophical positions by focusing on the
technical, positive insights on both sides—would certainly be in the spirit of

- Carnap more generally.
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